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Abstract 
Railway is one of the most important, reliable and widely used means of 
transportation, carrying freight, passengers, minerals, grains, etc. Thus, research on 
railway tracks is extremely important for the development of railway engineering and 
technologies. The safe operation of a railway track is based on the railway track 
structure that includes rails, fasteners, pads, sleepers, ballast, subballast and 
formation. Sleepers are very important components of the entire structure and may be 
made of timber, concrete, steel or synthetic materials. Concrete sleepers were first 
installed around the middle of last century and currently are installed in great 
numbers around the world. Consequently, the design of concrete sleepers has a direct 
impact on the safe operation of railways. 
The “permissible stress” method is currently most commonly used to design 
sleepers. However, the permissible stress principle does not consider the ultimate 
strength of materials, probabilities of actual loads, and the risks associated with 
failure, all of which could lead to the conclusion of cost-ineffectiveness and over 
design of current prestressed concrete sleepers. Recently the limit states design 
method, which appeared in the last century and has been already applied in the 
design of buildings, bridges, etc, is proposed as a better method for the design of 
prestressed concrete sleepers. The limit states design has significant advantages 
compared to the permissible stress design, such as the utilisation of the full strength 
of the member, and a rational analysis of the probabilities related to sleeper strength 
and applied loads. 
This research aims to apply the ultimate limit states design to the prestressed 
concrete sleeper, namely to obtain the load factors of both static and dynamic loads 
for the ultimate limit states design equations. However, the sleepers in rail tracks 
require different safety levels for different types of tracks, which mean the different 
types of tracks have different load factors of limit states design equations. Therefore, 
the core tasks of this research are to find the load factors of the static component and 
dynamic component of loads on track and the strength reduction factor of the sleeper 
bending strength for the ultimate limit states design equations for four main types of 
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tracks, i.e., heavy haul, freight, medium speed passenger and high speed passenger 
tracks. 
To find those factors, the multiple samples of static loads, dynamic loads and 
their distributions are needed. In the four types of tracks, the heavy haul track has the 
measured data from Braeside Line (A heavy haul line in Central Queensland), and 
the distributions of both static and dynamic loads can be found from these data.  The 
other three types of tracks have no measured data from sites and the experimental 
data are hardly available. In order to generate the data samples and obtain their 
distributions, the computer based simulations were employed and assumed the 
wheel-track impacts as induced by different sizes of wheel flats. A valid simulation 
package named DTrack was firstly employed to generate the dynamic loads for the 
freight and medium speed passenger tracks. However, DTrack is only valid for the 
tracks which carry low or medium speed vehicles. Therefore, a 3-D finite element 
(FE) model was then established for the wheel-track impact analysis of the high 
speed track. This FE model has been validated by comparing its simulation results 
with the DTrack simulation results, and with the results from traditional theoretical 
calculations based on the case of heavy haul track. Furthermore, the dynamic load 
data of the high speed track were obtained from the FE model and the distributions of 
both static and dynamic loads were extracted accordingly. All derived distributions 
of loads were fitted by appropriate functions. Through extrapolating those 
distributions, the important parameters of distributions for the static load induced 
sleeper bending moment and the extreme wheel-rail impact force induced sleeper 
dynamic bending moments and finally, the load factors, were obtained. Eventually, 
the load factors were obtained by the limit states design calibration based on 
reliability analyses with the derived distributions. After that, a sensitivity analysis 
was performed and the reliability of the achieved limit states design equations was 
confirmed. It has been found that the limit states design can be effectively applied to 
railway concrete sleepers. 
This research significantly contributes to railway engineering and the track 
safety area. It helps to decrease the failure and risks of track structure and accidents; 
better determines the load range for existing sleepers in track; better rates the 
strength of concrete sleepers to support bigger impact and loads on railway track; 
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increases the reliability of the concrete sleepers and hugely saves investments on 
railway industries.  
Based on this research, many other bodies of research can be promoted in the 
future. Firstly, it has been found that the 3-D FE model is suitable for the study of 
track loadings and track structure vibrations. Secondly, the equations for 
serviceability and damageability limit states can be developed based on the concepts 
of limit states design equations of concrete sleepers obtained in this research, which 
are for the ultimate limit states. 
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Chapter 1: Introduction 
Railway transportation is one of the safest transportation systems for both 
passengers and merchandise across areas of vast distance. Railways are required to 
guide and facilitate the safe, cost-effective and convenient operation of goods and 
people. It should be noted that in Australia, UK, Asia and Europe, the common 
nomenclature for the structural element, which is a major component of ballasted 
railway tracks used to distribute the axle load on tracks from rails to foundation 
system is the ‘railway sleeper’, while the term ‘railroad tie’ is often used in the US 
and Canada.  Therefore, sleeper design is extremely important to the safety of track 
structure and railway transport. 
1.1 RESEARCH PROBLEMS 
As a very important component of the railway track, the strength and reliability 
of sleeper are directly related to track safety. Hence, the sleeper design becomes a 
core factor in track safety. The most commonly used sleepers are made of three types 
of materials: timber, prestressed concrete and steel. The most widely used type of 
sleeper is prestressed concrete sleepers. This project focuses on the prestressed 
concrete sleeper design for the four main types of tracks which are heavy haul, 
freight, medium and high speed passenger coach tracks. 
Currently the sleeper design method is “permissible stress” design. However, 
the permissible stress principle does not consider the ultimate strength of materials, 
probabilities of actual loads, and risks associated with failure, all of which could lead 
to the conclusion of cost-ineffectiveness and over design of current prestressed 
concrete sleepers. This research proposes to apply the limit states design (LSD) 
method to prestressed concrete sleepers by means of reliability indices, which is to 
derive suitable load factors for the limit states design equations of prestressed 
concrete sleepers. These factors ensure that the performance of railway concrete 
sleepers matches current performance of railway concrete sleepers match current 
railway safety standards for the different types of lines and train traffic. LSD can 
help to determine the accurate range of loads that the sleepers are able to withstand. 
Therefore, the main research problems are: 
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a. To study the accurate capacity of PC sleepers. 
The LSD method considers the failure load and through the use of load 
factors, the safe load for use in service can be calculated. 
b. To determine the suitable load factors for determination of that capacity. 
However, for prestressed concrete sleepers presently, there are no load factors 
for applying the LSD method. In order to determine the load factors for LSD 
of prestressed concrete sleepers, the reliability indices should be utilised. 
c. To develop the levels of reliability appropriate for railway tracks in order to 
determine the magnitude of the load factors.  
In the same way as for other building structures, sleepers in rail tracks require 
different safety levels for different types of track, so the load factors for them are 
different. Using reliability indices, it is possible to find suitable factors for 
satisfactory safety levels to determine the magnitude of the load factors. 
1.2 RESEARCH OBJECTIVES 
Current Australian and international design standards of prestressed concrete 
(PC) sleepers are based on the permissible stress concept where various limited 
values and safety factors are used to determine material strengths and load effects 
(AREMA, 2006; Leong, 2007). Recent findings by track engineers within the 
Australian railway community show that railway tracks, especially railway PC 
sleepers, have untapped strength that could be of potential and economic advantage 
to track owners (Leong, 2009). An ongoing effort to ascertain the actual reserve 
capacity is being conducted under a collaborative research project in the Australian 
Cooperative Research Centre for Railway Engineering and Technologies (Rail-
CRC), including University of Wollongong (UoW), Queensland University of 
Technology (QUT), Queensland Rail (QR), and RailCorp New South Wales 
(Murray, Leong, 2009). 
This research is ultimately about developing LSD factors and methodology for 
concrete sleepers based on developing reliability indices for choosing suitable load 
factors for LSD of PC sleepers. The main objective is to develop the LSD method to 
be applied to prestressed concrete sleeper. It includes the following specific 
objectives: 
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1. To develop an FE model and use DTrack simulation for dynamic analyses of 
the impact bending moments of concrete sleepers induced by track loads; 
2. To derive the distributions of both static and dynamic bending moments, 
strengths of PC sleepers and their important parameters; 
3. To determine values of reliability indices that are appropriate for the many 
different types of railway tracksand use those reliability indices to determine 
load factors for safe and efficient design of PC sleepers. 
4. To determine appropriate load factors for a range of track and traffic 
operating conditions. 
5. To explore the range of limit states proposed by Murray and Leong (2009) 
with a view to determining the appropriateness of those states and how they 
can be developed into states that are readily useable by track engineers in the 
design and rating of concrete sleepers. 
1.3 RESEARCH SCOPE 
This research aims to choose the suitable load factors and methodology for the 
Ultimate limit states design of PC sleepers. Limit states proposed by Murray and 
Leong (2009) include three types: Ultimate or strength limit state, Serviceability 
limit state and Damageability limit state.  Although all three limit states need to be 
considered in reliability analysis for the LSD method of PC sleepers, this thesis will 
only focus on the ultimate limit state. Nevertheless, for the ultimate limit state in 
different types of tracks, the safety level requirements are also different. Thus, all 
analyses should be extremely detailed.  
There are many components of ultimate limit states which can cause failure in 
the structure of concrete sleepers, such as flexural, shear and bursting. The failure 
can occur at rail seat and mid span of sleeper due to the flexure, shear or bursting. 
However, most failures of concrete sleeper occur at the rail seat and are due to 
flexure. Furthermore, considering the shear and bursting would expand the scope of 
this research too broardly. Therefore, only the flexure component at rail seat position 
is considered. 
Reliability analysis is based on the theory of probability and statistics. For 
example, for the limit state of strength, the key factors are the bending strength of 
sleeper at rail seat and the stress in the sleeper. The analysis of the stresses or forces 
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generated in a sleeper needs to be conducted with all situations in that the high loads 
occur (rail & wheel defects) for the ultimate limit state and different categories of 
tracks. So this research project mainly contains the following tasks: 
• Load analysis – the different types and magnitudes of loads on a sleeper, 
including the static load and the dynamic load, both of which can vary quite 
irregularly. The methods for determining those loads are theoretical calculation, 
numerical simulation and analysis with experimental measurements. 
• Strength analysis – the exact strength needs to be known before being able to 
apply the limit states design method. In this project, the bending strength is 
considered.  
• Reliability analysis – this is extremely important for determining load factors of 
all necessary limit states for all situations. 
• Calibration – Converting the results from previous work into load factors for 
ultimate limit states design equations. 
1.4 METHODOLOGY 
To achieve the objectives described above, appropriate methods and techniques 
are required. In this project, there are three basic elements for determining the load 
factors of the limit stated design of the concrete sleeper, which are the applied static 
load, the applied dynamic load and the strength of concrete sleeper. For the final 
determination of load factors, the loads are converted into sleeper bending moments 
at the rail seat, which means the loads in equations for the limit states design are 
represented by sleeper bending moments at the rail seat. 
Because the limit states design is based on the reliability analysis, which is 
related to the probability theory, the single values of the bending moments are 
impossible for reliability analyses. Thus, numbers of bending moment samples are 
needed and the statistical analyses are required. The limit states design calibration for 
PC sleepers adopts the method that used in limit states design calibration for bridge 
structures described in (Nowak & Lind, 1979). 
1.4.1 Detailed methods 
This section will illustrate the details of the methods used in this research. 
1. Applied static load 
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The static load on the sleeper is the gravity load from the rail and the vehicles. 
However, the gravity load from rail is very small in comparison with the one induced 
by vehicles. Therefore, only gravity load from vehicles is considered.  
To obtain the static load on the sleeper, the wheel-rail force, and the force 
transferred onto the top of sleeper (rail-sleeper force) need to be found. The rail-
sleeper force can be obtained by the theoretical method in track mechanics, as 
described in Esveld (2001). The static bending moment can be calculated using the 
formula of finite length beam on the continued elastic support, as described in (Chen, 
2004). 
2. Applied dynamic load 
The dynamic load represents the impact load in this research which is induced 
by wheel-rail impact from the wheel or rail defects. To obtain the dynamic load is 
much more complicated than to obtain the static load. It relates to not only the wheel-
rail force, but also the track structure vibration and dynamic contacts. 
For such a complicated dynamic problem, accurate solutions may not be able 
to be achieved with the simple mechanics methods. Hence, in this project, a 
simulation package named “DTrack” is employed. DTrack is a well-validated 
commercial software package particularly for the railway track dynamic analyses. It 
is based on the theory of beam of elastic foundation (BOEF), which is widely used 
for railway track dynamic analysis. However, it is limited to track with the low or 
medium speed of vehicles. For high speed line, a 3-D finite element (FE) model has 
been developed for the dynamic analysis of the track. This FE model considers the 
deformation of track structure and the dynamic contact problem, so it is the best 
choice for such a complicated dynamic analysis. 
3. Statistical analysis 
It is aimed that the static load distributions be found and the important 
parameters for calibration of limit states design equations be derived. The 
distribution parameters can be derived from the measured site data. However, except 
the heavy haul, the measured data from track sites are unavailable for the other three 
types of tracks which are freight, medium speed passenger and high speed passenger 
tracks. The sample data needs to be obtained by  another method. Therefore, the 
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sample data for those three types of tracks can be generated from the simulation 
software packages described in the previous paragraph. 
Because the wheel and rail defects have different styles, for convenience of 
research, only the wheel defect is considered, particularly the wheel flat. For the 
statistical analysis, DTrack and the FE model were used to generate the bending 
moment samples with wide ranges of static load and wheel flat size according to the 
previous standards, average values and limits. Then it was necessary to derive the 
appropriate functions for the distributions and find the extreme sleeper dynamic 
bending moments induced by the impact force on sleepers. Eventually, the derived 
distribution functions and extreme sleeper dynamic bending moments were used to 
calibrate the ultimate limit states design equations. 
4. Bending strength of concrete sleeper at the rail seat 
To obtain the bending strength of a concrete sleeper at the rail seat, the 
theoretical method of traditional mechanics can be applied. For the distribution of the 
bending strength of sleeper, the Monte Carlo method is applied, which can generate 
series of random values for the parameters of each element of sleeper.  
5. Calibration 
Determining the reliability levels and the values of reliability indices for the 
tracks on different design categories, using the derived distribution parameters with 
the reliability indices to determine the load factors by adopting the method proposed 
by (Nowak & Lind, 1979), and the achieved limit states design equations will be 
tested by a sensitivity analysis, to ensure the reliability for use. 
1.4.2 Selection of railway sites for the research on limit states analyses of 
concrete sleepers 
Four main types of track are proposed as mentioned above. The measured data 
from sites can be used to derive the distribution and important parameters. However, 
if there is no measured data, DTrack and numerical (Finite Element) simulation are 
used to generate data for statistical analyses. The simulation requires the parameters 
of both vehicles and tracks. That means the only sites that can be selected are with 
full vehicle and track parameters if the measured data from sites are unavailable. 
1. Heavy haul track 
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Measured data of both static load and dynamic load were accumulated from a 
heavy haul track site named Braeside heavy haul line in Central Queensland (Leong, 
2006). The distributions of the loads are easily obtained from the measured data. 
Therefore, the selected site for the ultimate limit states design of concrete sleeper for 
heavy haul track is the Braeside heavy haul track. 
2. Freight track 
There are measured data for static load of RQTY (freight container wagon) 
from the Lara site in Victoria, but no dynamic load data. For generating the 
simulation data, the relevant parameters are required. There are full parameters of 
both RQTY and track on the Lara site. Therefore, the Lara site is selected for the 
ultimate limit states design of PC sleeper for freight track. 
3. Medium speed passenger line 
For the medium speed passenger line, measured data from the sites for both 
static and dynamic loads are unavailable. However, the benchmark in Manchester, 
UK which was based on a medium speed passenger line (Iwniki, 1998 & Steffens, 
2005) has provided the full parameters of both vehicle and track. So, the site that was 
used for this benchmark can be selected for the ultimate limit states design of 
concrete sleeper for medium speed passenger track. 
4. High speed line 
In the same way as for the medium passenger line, the measured data for both 
static and dynamic loads are unavailable. Fortunately, the full parameters of both 
vehicle and track have been found in (Wang, 2007) and (Zhang, 2009), which is the 
site for ICE2 (a type of high speed train) in Germany. Naturally, the site for ICE2 
high speed train is selected for ultimate limit states design of concrete sleeper for 
high speed passenger track. 
1.5 SIGNIFICANCE AND OUTCOMES 
This research has three main points of significance: 
(1) New design and rating method of PC sleepers. LSD method is applied to PC 
sleepers. It is a better design method for PC sleepers and it can rate the existing 
PC sleepers for further use, such as increasing load (higher than the original 
design load) on tracks.  
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(2) Decreased risk of track failure and accidents, because the LSD method can 
provide more accurate safe loading range than the permissible stress design 
method. 
(3) Potential huge savings on railway track industry investments. The total 
investment in sleepers is about $10 billion in Australia and $100 billion in the 
world, so if LSD can be used to safely rate existing sleepers at a higher capacity 
than was previously thought, the inevitable increases in train axle loads can be 
accommodated without replacing the sleepers in some cases (The relevant 
analyses need to be performed in some other cases). The savings in such an 
outcome would be very large. 
The outcome arising from this research will be the equations of ultimate 
flexural LSD for PC sleeper of different categories of tracks, which is the new design 
method that allow: 
1. Better determination of the strength of the concrete sleepers to support 
bigger impact and support bigger loads on the rail track. 
2. Better determination of the safe load range for existing sleepers in track. 
3. Better knowledge of the serviceability of the concrete sleepers to extend 
useful life. 
4. Decrease in the failure risk of the concrete sleepers. 
1.6 THE STRUCTURE OF THESIS 
This thesis contains seven chapters. The structure follows the order of 
achieving the objectives in this research project. 
Chapter 1 (this chapter) introduces the background, research problems, 
objectives, research methodology and significances.  
Chapter 2 is the literature review. This chapter illustrates previous research and 
basic knowledge which contribute to this project, including the track structure & 
components descriptions, wheel-rail interaction, force transfer principle, sleeper 
bending strength & calculation, models and simulations, limit states design concept, 
reliability theory and calibration methods. The development of this research is based 
on the previous concept, theory and methods. 
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Chapter 3 is the modelling and simulation. This chapter illustrates the 
establishment of the FE model including the shapes, materials and meshing of track 
components. The results from the FE model are validated by comparing with valid 
simulation and relevant theoretical analysis. A parametric study is undertaken for 
finding the typical speeds of vehicles for further analyses. This chapter provides the 
important knowledge and special ideas to the research. 
Chapter 4 is the statistical analyses of sleeper bending moment under wheel-
rail impact force on the track. This chapter illustrates the statistical analysis for the 
measured data of wheel-rail force from the Braeside heavy haul line and for the 
simulated data samples of sleeper dynamic bending moment from DTrack and FE 
model for freight, medium speed and high speed passenger tracks. Appropriate 
functions are applied to the distributions. This chapter directly contributes to 
determining the load factors to both static and dynamic components in calibration of 
ultimate limit states design equations. 
Chapter 5 is the sleeper bending strength analysis. This chapter illustrates the 
calculation of bending strength for PC sleeper; the Monte Carlo method is applied to 
find the PC sleeper bending strength distribution and the distribution parameters are 
derived. This chapter provides the sleeper bending accurate strength for determining 
the strength reduction factor of PC sleeper bending strength.  
Chapter 6 is the calibration of ultimate limit states design equations. This 
chapter describes how to eventually obtain the load factors and strength reduction 
factors through calibration with reliability analysis and derive the final ultimate limit 
states design equations for four types of tracks. The sensitivity analyses are used to 
ensure the derived ultimate limit states design equations are reliable. 
Chapter 7 describes the conclusion of this research, the limitations of this 
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Chapter 2: Literature Review 
Before performing this research project, some fundamental knowledge and 
previous work are needed to be learned and reviewed. The majority of researches are 
developed based on existing knowledge and ideas. Therefore, a literature review is 
extremely important to the research project. 
2.1 RAILWAY TRACK DESCRIPTIONS 
2.1.1 Railway track structure 
The rail track components can be divided into two main groups: superstructure 
and substructure. The most obvious components of the track such as the steel rails, 
rail pads, concrete sleepers, and fastening systems form a group that is referred to as 
the superstructure. The substructure is associated with a geotechnical system 
consisting of ballast, sub-ballast and sub-grade (formation). Both superstructure and 
substructure are mutually vital in ensuring the safety and comfort of passengers and a 
satisfactory quality of ride for passenger and freight trains. The typical ballasted rail 
track structure is presented in Figure 2.1. 
 
Figure 2.1 Typical ballasted rail track structure (Remennikov & Kaewunruen, 2008) 
 
Figure 2.1 shows that the railway track structure above the sub-grade is 
superstructure, the entire railway track system includes superstructure and 
substructure which is configured in Figure 2.2. It presents the relationship between 
the superstructure and the substructure. 
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Figure 2.2 Typical ballasted track system (Steffens, 2005) 
2.1.2 Description of components 
The railway track consists of many components; they are presented in Figure 
2.2. Next, each of the components will be described respectively. 
Rails: The longitudinal steel members that directly guide the rolling stock 
wheels evenly and continuously (Selig &Waters, 1994). 
Fasteners: Typically required to retain the rails on the sleepers and to resist 
vertical lateral, longitudinal and overturning moments of the rails. 
Rail Pads: Located between the rail seat and the surface of sleepers to fulfil 
various functions. 
Sleepers: The essential beams that span across and the tie together two rails. 
They have some important functions include receiving the load from the rail and 
distributing it over the supporting ballast at an acceptable ballast pressure level, 
holding the fastening system to maintain proper track gauge, and restraining the 
lateral, longitudinal and vertical rail movement by anchorage of the superstructure in 
the ballast. 
Ballast: The layer of crushed stone on which the sleepers rest. It assists in track 
stability by distributing load from the sleepers uniformly over the sub-grade and also 
anchors the track in place against lateral, vertical and longitudinal movement by the 
way of irregular shaped ballast particles that interlock with each other.  
Sub-ballast: it is also called capping layer; it is usually a broadly graded 
material that assists in reducing the stress at the bottom of the ballast layer to a 
tolerable level for the top of the sub-grade. 
Sub-grade: it is the formation; it offers the final support to the entire track 
structure.  
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2.2 FORCE IN TRACK ST
The forces in the track structure 
static load is derived from the weight of rolling stock, the dynamic forces are derived 
from the rolling stocks motion
and irregular than static load, and also can be much greater than static load. 
research, problems are 
2.2.1 Force transferred to sleeper
The purpose of track is to transfer the train load to the formation layer. 
Conventional track still in use consists of a discrete system made up of rails, sleepers 
and ballast bed. Load transfer works on the principle of stress reduction, layer by 
layer, as presented in Figure 2.
Figure 2
For example, the greatest stress occurs between wheel and 
order of 30kN/cm2. Between rail and sleeper the stress is two orders smaller and 
again diminishes between sleeper and ball
stress on the formation is only about 6N/cm
2.2.2 Wheel-Rail forces
The force is transferred from the top of rail to sleeper through rail and rail pad. 
Hence, before research on the force on sleepers, t
and important value. The wheel
track. If wanting to research on the forces on track structures and relationships 
between components, the wheel
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First of all, the wheel-rail force is generated from the wheel-rail interface. The 
connection of the vehicle and track through the wheel-rail interface is critical for the 
successful operation of trains. If the connection is interrupted through breakdown of 
either system, a derailment could occur which may have significant consequences. 
Figure 2.4 (a) & (b) shows how the entire train load is distributed down into the track 
system through a very small contact area on each wheel. 
 
Figure 2.4 (a) & (b) Wheel-rail contact (Knothe et al, 2001) 
 
The Hertz theory (1887) is about the stresses that occur at the wheel rail 
interface in the vertical plane: the elastic deformation between the wheel and rail 
creates an elliptic contact area. The dimensions of the contact ellipse are determined 
by the normal force on the contact area and the stiffness of the wheel and rail running 
surfaces, while the ratio of the ellipse axes depends on the curvatures of the wheel 
and rail profiles. The shape of the contact ellipse changes are related to the location 
of the wheel-rail contact area across the railhead. Inside the contact area, a pressure 
distribution develops which in a cross section is shaped in the form of a semi-ellipse 
with the highest contact pressure occurring at the centre (Johnson, 1985). 
All three types of force transmitted to the track, namely static, quasi-static and 
dynamic, are transmitted through the wheel-rail interface. They will be described by 
following sections. 
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2.2.2.1 Static & Quasi-static loads 
The static load is the load that imposed on the track from the rolling stocks 
without moving. This load is constant during the period that rolling stocks stand on 
the track.  
Another type of static load is named quasi-static load. It means that the rolling 
stocks are moving and cause a periodic force on the track which is greater than the 
static load from a stationary train. The quasi-static load is defined as the sum of the 
static load and the effect of the static load at speed by (AS1085.14, 2003).  
Grassie (1995) comments that if both the wheel tread and rail surface have no 
defects, the wheel-rail force can be similar to the static load. The quasi-static force 
has been found that it could be between 1.4 and 1.6 times greater than static load 
before unbalanced superelevation effects in (AS1085.14, 2003). Forces more than 
1.6 times greater than static wheel load are found to be the result of more significant 
wheel-rail contact conditions. 
The force vs. time curve can be a regular or approximate regular wave and it 
can be nearly treated as a straight line, which is a constant static load. The diagrams 
are presented in Figure 2.5. 
 
Figure 2.5 The diagrams of quasi-static forces in different speeds (Hou, 2003) 
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There is a simplified calculation method for the wheel-rail force that is derived 
according to (Eisenmann, 1981). It shows that all curve radii in the mathematical 
formulation of the contact problem are assumed to be infinitely large except the 
curve radius r of the wheel. The contact area then becomes rectangular and the 
contact stress distribution has the form of a semi-elliptical cylinder as the model 
indicated in Figure 2.6. 
 
Figure 2.6 Assumed contact stress distribution between wheel and rail (Eisenmann, 
1981) 
As Figure 2.6 indicates, if the wheel load Q is distributed evenly over the 
contact area with a width of 2b, the mean wheel-rail contact stress can be derived as 
Eq. (2.1). The force can be calculated by using ‘stress multiplies area’ formula. 
   	
                                       Eq. (2.1) 
Where, Q – effective wheel load; r – wheel radius; 2b – width of wheel-rail 
contact area; E – Young’s modulus; γ – Poisson’s ratio. 
This calculation formula is useful to find out the approximate values of wheel-
rail contact forces and assist checking the results of the simulation from computers. It 
is applied to all types of contact loads. Hence, the effective load Q can be static or 
quasi-static or dynamic loads.  
2.2.2.2 Dynamic force 
As illustrated at beginning of this section, there is not only static load on track 
from rolling stock, but also dynamic force. Sometimes the rolling stocks generate 
impacts and negative vibrations onto the tracks when they move, and the impact 
forces can be abnormally high because of the rail and wheel defects. If the forces 
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exceed the ultimate limit state value, they will induce failure to sleepers. This section 
will illustrate them respectively.  
A. Rail defects 
Rail defects mainly contain three types: different top height of the joint 
between two rails, surface damage on top of the rails (also named ‘arbitrary rail 
profile’) and surface corrugation. 
Sometime, two rails’ top may at a different height at the joint, a model of that 
is shown in Figure 2.7. Normally the difference is very small. But rolling stocks are 
very heavy and generate huge impact forces at the joint. So this impact force is 
extremely harmful to sleepers. 
For this case, Cai & Wen, (2007) had described that the existence of a rail joint 
with rail gap, shown in Figure 2.7, height difference and dip angle breaks the 
continuity of track. And the bending stiffness of the joint bars is smaller than that of 
the rail. It also breaks the continuity of continuous support stiffness of rail. Because 
of the existence of these defects at rail joint, the rail joint will subject to abnormally 
high dynamic impact forces when the wheels pass over it. According to field survey, 
these impact forces caused by rail joints rages from 2 to 3 times of the static load 
between the wheel and rail, and even 5 times in some instances (Tong, 1986).  
For this case, a finite element model had been established which was used to 
study the effects of joint bar looseness by (Mayville & Stringfellow,1999), rail height 
mismatch and train speed on the crack driving force for a crack emanating from a 
bolt hole in the web of a railroad rail. The analysis showed that the crack driving 
force increases as the joint loosens. (Kerr & Cox, 1999) presented an accurate 
analysis for the bonded insulated joints which makes an agreement with the obtained 
test results utilizing actual bonded joints. The mechanical model of the wheel and rail 
joint is shown in Figure 2.7. This model assumes the rail pad, ballast and sub-grade 
as springs and dampers. 
In Figure 2.8, the diagram shows the vertical contact force between the wheel 
and rails, which is the numerical result of the finite element model with input data: 
V0=120km/h, P0=88.3kN and h=2mm. V0, P0 and h are the values that are shown in 
Figure 2.7. 
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Figure 2.7 Mechanical model of wheel and rail joint (Cai, et al, 2007) 
 
 
Figure 2.8 Vertical wheel-rail force due to different height of rail joint (Cai, et al, 
2007) 
Nevertheless, sometime the surface of top of the rails is damaged and becomes 
concave on some areas from long time service or other reasons also generate the 
huge impact forces on top of rail and transferred to sleepers. The damages make the 
top surface of rails irregular. It is also known as arbitrary rail profile. The simulated 
wheel-rail force vs. time diagram of an arbitrary rail profile is presented in Figure 
2.9. 
The rail corrugation is also very common in reality. It causes a greater impact 
force than non-irregular rails. The principle of rail corrugation and simulated wheel-
rail force due to rail corrugation with round wheel is presented in Figure 2.10 and 
2.11. 
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Figure 2.9 Wheel-rail forces due to arbitrary rail profile (Leong, 2007) 
 
Figure 2.10 The principle of rail corrugation (Jin, et al, 2009) 
 
Figure 2.11 Wheel-rail forces due to rail corrugation with round wheel (Johansson & 
Nielson, 2007) 
B. Wheel defects 
Wheel defects means the profile of wheels of rolling stocks is not an entire 
circle. If the rolling stocks are serving for long period, the brake system makes the 
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wheels generate great friction with the rail and the profile of wheels become flat at 
some point on the wheel tread. That will induce the impact from the wheel to the 
track. The wheel flat model is presented in Figure 2.12. 
 
Figure 2.12 Wheel flat model (Hou, et al, 2003) 
 
The mathematical expressions for the flat part have two types: r – distance 
from the wheel surface to the wheel centre; f – wheel flat size. They are expressed by 
(Hou, et al, 2003) and (Lyon, 1972). 
            ||    !          ||   "                             Eq. (2.2) #  0.5 '( )1 + ,-. /0' 12                                  Eq. (2.3) 
 
Where: R – radius of wheel; L – the length of flat; ,  – angle of non-flat 
area and flat area respectively. 
To analyse the impact force from a wheel flat, some models are used. They are 
Euler beam on elastic foundation (EBEF); Timoshenko beam on elastic foundation 
(TBEF); Euler beam on discrete support (EBDS) and Timoshenko beam on discrete 
support (TBDS). The experimental data is also needed because it represents reality. 
Experimental data is tested by British Rail which is provided by (Newton & Clark, 
1979). The achieved diagrams by those models are presented in Figure 2.13.  
Another type of wheel defect is named arbitrary wheel surface profile; it means 
the profile of the wheel surface is not a circle. It also can cause the impact force by 
its irregularity as same effect as wheel flat. But it happens very rarely. The 
description of arbitrary of wheel profile and simulated wheel-rail force vs. time 
relationship are presented in Figure 2.14 (a) and (b) respectively. 
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Figure 2.13 Wheel-rail contact forces due to wheel flat (Dukkipati & Dong, 1999) 
 
 
 (a)                                                              (b) 
Figure 2.14 (a) Arbitrary wheel surface profile (exaggerated); (b) wheel-rail force vs. 
time due to arbitrary wheel surface profile (Johansson & Nielsen, 2007) 
 
2.2.3 The Force on sleeper 
The entire force transmission process is illustrated in section 2.2.1. The force is 
transmitted from top of rail through rail pad and base plate to sleeper. This section 
will describe the force on sleeper. 
2.2.3.1 Rail seat force 
The rail seat force is the load on sleeper, it is the wheel-rail force transferred 
through rail and rail pad, as shown at upper part in Figure 2.15. The rail seat force 
causes the sleeper bending moment. So, the sleepers are deformed under the force on 
rail seat.  
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Figure 2.15 Force configuration of sleeper (AS 1085.14, 2003) 
 
2.2.3.2 Ballast support forces 
The bottom forces on sleeper are called ballast support forces, as described by 
(AS 1085.14, 2003). The ballast support forces changes as soon as the rail seat forces 
change. The configuration of ballast support forces is presented at lower part in 
Figure 2.15. 
The diagram indicates the sleeper is in bending under the applied forces, and 
also the greatest bending moment is at two rail seats. Therefore, the sleeper failure 
should generally occur at the rail seats. Also it has been proved by theoretical 
calculations (Chen, 2004). 
 
2.3 PRESTRESSED CONCRETE SLEEPER 
This research is focused on sleepers. In previous sections, the wheel-rail forces 
were described because knowing about the wheel-rail forces is the foundation for 
analysing the forces of sleeper. This section will describe the prestressed concrete 
sleeper.  
2.3.1 Structure of Prestressed Concrete Sleeper 
In a previous section, the entire railway track structure is described. This 
section will describe the sleepers, which this research is focussed on. 
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A prestressed concrete sleeper is a concrete beam with prestressing steel wires 
inside as shown in Figure 2.17, the View A-A. It presents the configuration of the 
steel wires inside of sleeper.  
The sleepers’ main functions are to:  
(1) Uniformly transfer and distribute loads from the rail foot to underlying ballast 
bed; for the structure of ballasted track system see Figure 2.2; 
(2) Sustain and retain the rails at the proper gauge through the anchorage provided by 
the rail fastening system; for the structure of fastening system see Figure 2.16; 
(3)  Preserve rail inclination; for the structure of rail inclination see Figure 2.17; 
(4) Provide support for rail by restraining longitudinal, lateral and vertical rail 
movements (Remennikov & Kaewunruen, 2008). High strength concrete is defined 
as concrete with a specified compressive strength greater than 50MPa, high strength 
concrete (HSC) is mostly used in Australian Prestressed concrete (PC) sleepers to 
facilitate and optimise their design (AS1085.14, 2003).  
 
Figure 2.16 Typical concrete sleeper fastening system (Steffens, 2005) 
 
2.3.2 Prestressed Concrete sleeper bending strength 
To find out the strength of a Pre-stressed concrete sleeper, an appropriate 
model and a method by mechanics theory which can calculate the strength are 
needed. From previous research of concrete sleeper, a Timoshenko beam is the most 
suitable option in a concrete sleeper model proposed by (Grassie, 1995). Hence, the 
sleeper can be assumed as a prestressed concrete beam and be used to calculate the 
strength.  
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Figure 2.17 Rail Inclination on sleeper (Steffens, 2005)
2.3.2.1 Static bending strength
The method of mechanics theory adopted is that by (Darvall, 1987), which is 
particularly relevant to reinforce or prestressed concrete. At first, the compressive 
force of concrete needs to be known, when the concrete beam is in bending, the 
compressive force is non-linear, the curv
the left side. For calculation convenience, a Whitney stress block has
as presented in Figure 2.18 on the right side.
Figure 2.18 Properties of real and Whitney stress blocks at ultimate 













e is parabolic as presented in Figure 2.
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As the figure shows, the compressive stress block of concrete with strength 
value f ’c (on the left) is converted to 0.85f ’c equivalently in Whitney stress block (on 
the right). It is used to analyse the bending strength of a concrete beam. The 
compressive strength can be calculated very easily by the Whitney stress block, it is 
expressed by: 
  4  0.85#6,789:;                                      Eq. (2.4) 
The strength of steel wires is much higher than concrete, so the concrete beam 
failure occurs when concrete fails. The analysis diagram is presented in Figure 2.19. 
To calculate the strength of concrete beam, the tensile strength of concrete is 
neglected (Darvall, 1987). 
The bending moment of prestressed concrete sleeper is combination of bending 
moment of doubly reinforced section and prestressed section. The calculation for 
those sections will be described respectively. 
 
Figure 2.19 Analysis of doubly reinforced section (Darvall, 1987) 
 
The reinforced sections mainly contain singly reinforced and doubly reinforced 
sections. Figure 2.19 shows the doubly reinforced section. The diagram indicates 
that, the strain is linear, so the strain on each row of steel wires can be calculated by 
the strain diagram with a concrete strain value on the top which is εcu=0.003. The 
calculated ultimate bending moment of reinforced concrete beam by this diagram is 
expressed by: 
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Where: Aht – hypothetical area of tension steel wire; fy – yield stress of steel 
wire; d – distance between top of concrete and centre of bottom row of steel wires; b 
– breadth of the beam section area; Ahc – hypothetical area of compression steel wire. 
This analysis is the most typical and common method to calculate the bending 
strength of a reinforced concrete beam. But the prestressed concrete beam is added a 
prestress before bending. Thus, the strength is different to the reinforced concrete 
beam. The prestressed concrete beam strength calculation diagram is presented in 
Figure 2.20. 
 
Figure 2.20 Analysis for ultimate bending strength. Cross-section with prestressing 
tendons (Apt) and untensioned reinforcement (Ast). (Darvall, 1987) 
 
As the figure shows, the prestress causes a bending moment to the beam 
through the prestress steel with a section area of Apt. The result of the ultimate 
bending strength is the sum of reinforced bending strength and bending moment 
caused by prestressing, it is expressed by: 
<9  =J?KJ9:J1 + 0.6 I =?#@:1 + L.MFNFO            Eq. (2.6) 
 
Where Apt – cross section area of prestressing steel; σpu – prestress; dp – 
distance between top of beam and centre of prestressing steel; ds - distance between 
top of beam and centre of reinforcement steel. q – steel index, expressed by: 
  BNDPNQRBODEFNGH                                      Eq. (2.7) 
 
As mentioned in section 2.3.1, the prestressed concrete sleeper is assumed as a 
prestressed concrete beam. The cross section is not a rectangle but a trapezium as 
shown in Figure 2.17. And also the concrete sleeper has five rows of steel wires 









Cross section Strain Stress and force 
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some of bottom rows are in tension as the ‘Asc’ and ‘Ast’ shown in Figure 2.19. So, 
the calculation of bending strength of prestressed concrete sleeper is combining the 
calculations of doubly reinforced section shown in Figure 2.19 and prestressed 
section shown in Figure 2.20 together.  
The theory of concrete strength has been used for over 40 years, it also can be 
found in (Warner & Faulkes, 1998; Warner, 1988; Warner, et. al, 1998; Hughes, 
1980; Freudenstein, 2006; kaewunruen, 2007; Gustavson, 2002). 
2.3.2.2 Dynamic bending strength 
In reality, the concrete strength under dynamic loading shows different 
behaviour from that under static loading has been found by (Sukontasukkul & 
Mindess, 2003 & 2004). The concrete material increases in strength, toughness and 
modulus of elasticity were found as the rate of loading increased. That because the 
impact cracks tend to propagate though rather than around aggregate granular, 
resulting in an increase in strength and toughness, and a decrease in the nonlinear 
portion of stress-strain curve. To investigate the resistance of concrete sleepers to 
impact loading, Ye & Wang (1994) and Wang (1996) have focused on the material 
uses on the ultimate capacity of prestressed concrete sleepers. Later, Wakui and 
Okuda (1999) have proposed a simplified technique to predict the ultimate capacity 
of concrete sleepers. The strain rate and loading rate have been taken into account in 
bending moment capacity calculation on the basis of sectional analysis and only steel 
tendons’ failure mechanisms, the ratios of between dynamic and static compression 
strength of concrete, and between dynamic and static yield strength of steel wire are 
expressed by:  
G.SETHG.ODH  1.49 I 0.268XYZ[ I 0.035|XYZ[|0                         Eq. (2.8) E.SETHE.ODH  10L.]^_`a[ bc.de I 0.993                                        Eq. (2.9) 
 
Where, f ’c.dyn is the dynamic compression strength of concrete; f ’c.st is the 
static compression strength of concrete; f ’y.dyn is the dynamic yield strength of steel 
wire; f ’y.st is the static yield strength of steel wire; Z[ is the strain rate. The analyses of 
strain rate and the relationship between dynamic/static strength ratio and strain rate 
were illustrated in (Gusatis, 2010) and (Malvar & Crawford, 1998). 
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Eventually, Kaewunruen and Remennikov (2008) have proposed an 
experimental investigation of predicting the bending capacity of sleepers under a 
short period of impact. The experiment data were used to calculate the bending 
strength for prediction by adopting the modification of compression field theory 
(Vecchio & Collins, 1986), the strain rate and loading rate concept that mentioned 
above. It has found the predicted results were quite closed to the experimental 
sleeper bending capacity. Therefore, the sleeper bending capacity should be 
considered into the limit states design calibration in this research. 
2.4 MODELS AND SIMULATIONS 
Many research experiments are performed by computer simulations prior to 
other real experiments or tests. Hence, the railway track is also not excluded. In this 
research the railway track dynamic analysis and reliability analysis are the key 
procedures for the research consequence.  
2.4.1 Modelling rack behaviour 
2.4.1.1 Beam on Elastic Foundation (BOEF) 
The track structure can be assumed as a beam on elastic foundation. The beams 
are the two parallel rails and the sleepers, rail pads and ballast bed are assumed as 
elastic foundation. The principle is presented in Figure 2.21. 
 
Figure 2.21 Beam on an elastic foundation (Cai et al, 1994) 
Consider the length of beam is infinite with a unit width and bending stiffness 
EI which is continuously supported by an elastic foundation with foundation 
modulus C and a single load is Q. The theory of the elastically supported bending 
beam can be traced to over seventy years ago, which is mentioned by (Biot, 1937). 
Transformed to the railway structure, it is expressed by: 
fg FhiFjh I 8k  lm                                         Eq. (2.10) 
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Where: E – Young’s modulus of rail; 
deflection of rail and 
effective surface area of load exerted on the half sleeper, 
The necessary results are stress and bending moment
on vertical deflections. The achieved result of 
Where: L – so-
is the displacement curve which is expressed 
According to the equations above, the load under the rail can be expressed 
Eq. (2.13), which is transformed according to the Australian standard of concrete 
sleeper (AS1085.14, 2003):
The distribution of displacement and b
2.22. 
Figure 2.22 Displacement and bending moment distribution curve of a single load 
 
 
I – Moment of inertia of rail; 
k – foundation coefficient and expressed by 
‘a’ is the sleeper spacing). 
 in rails and
vertical deflection is expressed by:
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If there are several wheel loads, then the resulting deflection and bending 
moment are found via superposition. For example, the bending moment distributions 
for several loads are presented in Figure 2.23. 
               
                (a)                                                        (b) 
Figure 2.23 Bending moment distributions for several loads (a) 2 loads; (b) 3 loads. 
(Esveld, 2001) 
 
Another model has been proposed by (Thambiratnam & Zhuge, 1996), which 
is a model used to analyse a moving load on a beam on elastic foundation. The 
principle is presented in Figure 2.24. 
The numerical analysis results of dynamic force on a beam on elastic 
foundation of a moving load are presented in Figure 2.25. All analysis is undertaken 
on a beam with effective length L=10m. (Thambiratnam & Zhuge, 1996) 
 
 
Figure 2.24 A moving load on a beam on elastic foundation (Thambiratnam & 
Zhuge, 1996) 
In t/τ in Figure 2.26, t represents the time when the force enters the left end of 
the beam and τ represents the entire time from the force enters the left end and leaves 
the right end of the beam.  
This analysis is based on BOEF with a moving load. It is much closer to my 
research, which is about the moving load on the track structure. Overview the 
diagrams, Figure 2.25 illustrates that the higher stiffness of a beam, the higher stress 
increment, the narrower wave. Figure 2.26 illustrates that the stress increments are 
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almost the same under different speeds. That indicates the moving speed does not 
affect the stress changes, so the moving load can be assumed as an equivalent static 
(quasi-static) load which equals to the peak value. Figure 2.27 indicates the reaction 
of one and two moving loads on the track at mid span of 10m of infinite length rail. 
 
 
Figure 2.25 The dynamic forces with various foundation stiffness in mid-span with 
speed v=60km/h. (Thambiratnam & Zhuge, 1996) 
 
 
Figure 2.26 The dynamic forces with various speeds in mid-span with foundation 
stiffness kf=1.147e7N/m^2. (Thambiratnam & Zhuge, 1996) 
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Figure 2.27 The dynamic stresses due to one or two wheel loads in mid-span. 
(Thambiratnam & Zhuge, 1996) 
 
2.4.1.2 Vehicle-track models 
The studies on vehicle/track interaction have been performed for almost a 
century. The historical background of modelling of railway vehicle/track interaction 
has been reviewed by (Knothe & Grassie, 1993), and (Timoshenko, 1926) did a 
study on both static and dynamic stress in rail caused by vehicle/track interaction. In 
the last century hundreds of papers and reports about the vehicle/track dynamics 
have been published. 
A model based of whee-rail system has been developed by (Xie & Iwnicki, 
2008), this model assumed the rail as a beam, the rail pads and ballast as springs and 
dampers, and the sleepers locate between those equivalent springs and dampers. 
There is a spring which represents non-linear Hertz stiffness between wheel and rail; 
and it is for calculating the contact force between wheel and rail. The entire system is 
on a foundation, which is the subgrade layer. It is presented in Figure 2.28. 
Overall, the models given above are used to analyse the wheel-rail force in 
many situations. 
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Figure 2.28 Model of interaction between wheel and track (Xie & Iwnicki, 2008) 
 
 
2.4.1.3 Discrete component models 
The simulations are based on relevant models and mainly used to analyse the 
dynamic forces in track structures. The principle function of a railway track dynamic 
analysis model is to couple the components of the vehicle and track structure to each 
other so that their complex interaction is properly represented when determining the 
defect of traffic load on stresses, strains and deformations in the components of the 
railway system. Such a model provides a foundation for predicting the track 
performance and serves as a technical and economical device for track design and 
maintenance (Oscarsson & Dahlberg, 1998). 
Several models have been tested in past few years, it is called Benchmarking. 
There have been several benchmarking exercises in the past that compared the results 
of various computer models of railway track. Most notable were the benchmarking 
exercises of (Grassie, 1995), (Knothe, 1995) and (Iwniki, 1998). In each of these 
benchmarking exercises, the participants were requested to provide results for 
comparative analysis when provided with a set of rigorously stipulated parameters. 
A benchmark test which allows the railway track engineers to see whether the 
calculations of one model of track dynamic behaviour agreed with the calculations of 
others with the accurate inputs, it was described by (Grassie, 1996). Since that time a 
dramatic number of models have been created that allow deeper analysis and better 
representation of the railway track, especially its non-linear characteristics. 
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Twice benchmarks have been done in previous work by participants from few 
countries. They are Benchmark I and Benchmark II. 
The participating models had a wide range of complexity in theoretical basis, 
construction of the models and the inputs required. Also, the outputs of various 
models were dependent on the assumptions taken by the users which were found by 
(Stenffens & Murray, 2005). 
Benchmark I also revealed that a single set of simulations representing only 
one vehicle and track scenario was insufficient to draw conclusions regarding the 
behavior of railway track as the results were not compared to field data; a further 
benchmarking exercise was therefore recommended (Leong, 2006). 
After that, many railway research organisations from around the world were 
invited again to participate in Benchmark II exercise. The organisations were invited 
to Benchmark II. 
The outputs of the DARTS program were supplied by Queen’s University (Cai, 
1992). The DTrack model was run on behalf of its author (Cai, 2005), using the 
updated version, DTrack v2.0. The NUCARS™ results were based on a Beta version 
of NUCARS™ and were provided by Transportation Technology Centre 
Incorporated (TTCI) (Wilson & Xinggao, 2005). The DIFF, SUBTTI and VIA 
benchmark results were produced by their respective authors (Nielsen, 2004; 
Gerstberger, 2004; Zhai, 2004). Some other examples which are simulated from the 
models are shown below: 
Example 1, a passenger train with speed 160km/h, track structure is concrete 
sleeper and ballast, the track has no irregularity. Results of contact force of bogie 
leading wheel are presented in Figure 2.29. 
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Figure 2.29 Wheel-rail force of bogie leading wheel (Steffens, 2004) 
 
Example 2, the track structure is concrete sleeper and ballast with wheel flat 
(wheel defect). Results of contact force of bogie leading wheel are presented in 
Figure 2.30. 
 
Figure 2.30 Wheel-rail force of bogie leading wheel with wheel flat (Steffens, 2004) 
 
Example 3, the track structure is concrete sleeper and ballast with drop weld 
(rail defect). The results of contact force of bogie leading wheel are presented in 
Figure 2.31. 
Compare all simulation results, DTrack gives quite accurate result and looks 
more realistic than others, especially the DTrack data is from the reality, which was 
tested on site. Therefore, DTrack is considered to be used for this research. 
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Figure 2.31 Wheel-rail force of bogie leading wheel with drop weld (Steffens, 2004) 
 
2.4.2 Finite element model 
The models which were illustrated are based on theoretical analysis. They have 
had to employ significant simplifications in their assumptions about the behaviour of 
various track and vehicle components. For example, traditional impact analysis 
always assumes some bodies are rigid or under small deformation, or they use 
Hertzian contact theory based on a half-space assumption and a linear material 
model. However, investigation of the impact forces on sleepers due to wheel-rail 
impact forces is a complex nonlinear dynamic problem because of the nonlinearity of 
materials and the dynamic contact. An alternative method for solving such dynamic 
impact problems is numerical modelling and simulation, for which the finite element 
method (FEM) is the most widely used.  
2.4.2.1 Static analysis 
A FE model for static analysis based on entire track structure has been 
developed by (Gonzalez-Nicieza et al, 2006), which is presented in Figure 2.32 This 
model was created by the ALMEC program used to analyse the failure of prestressed 
concrete sleepers, it was very dependent on substructure, and the wheel load on track 
was assumed as the point loads. However, significant results for track static analysis 
were achieved with this FE model. 
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Figure 2.32 Finite element model of rail track used for prestressed concrete sleeper 
analysis (a) single sleeper; (b) 10 sleepers. (Gonzalez-Nicieza et al, 2006) 
 
Many FE models were developed for wheel-rail interaction. A typical FE 
model for wheel-rail interaction has been developed by (Telliskivi, et al, 2001). It 
was mainly about the wheel-rail contact analysis. The model is presented in Figure 
2.33. 
                     
                               (a)                                                              (b) 
Figure 2.33 The FE model of wheel-rail interaction (a) The wheel-rail model; (b) the 
contact 
 
This model has considered the nonlinearity and plasticity of material, which 
made the results approach to the reality. The results have been compared with 
traditional theoretical method such as Herzian and contact methods, the model was 
valid. 
Furthermore, some FE models based on wheel-rail interaction have developed 
for wheel profile wear prediction by (Telliskivi & Olofsson, 2004), (Chang, 2009) 
Wheel 
Rail 
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and (Chang, Wang & Jin, 2009). Those previous researches have demonstrated that 
FEA is a good tool for static railway analyses.   
2.4.2.2 Dynamic analysis 
This research requires the dynamic analysis of track structure. As mentioned in 
Section 2.2.2.2, the dynamic load is from the wheel-rail impact induced by wheel and 
rail defects. Some FE models have been developed for wheel-rail impact analyses 
due to wheel and rail defects with FE analysis packages such as ANSYS, ABAQUS, 
Vampire, LS Dyna and etc. 
There is a FE model presented in Figure 2.34. It shows the finite element mesh 
model of wheel-rail system and detailed rail joint respectively. 
    
Figure 2.34 FE model for wheel-rail interaction analysis. (a) Meshes with wheel and 
rail; (b) Rail joint. (Cai, et al, 2007) 
 
Some FE models have been developed for wheel defects induced impact 
analysis of track structures based on BOEF, the profile of wheel defect has adopted 
the Havesine function (Lyon, 1972) and the wheel defects impact was simply 
considered as a dropping mass. All FE models were based on two dimensional (2-D) 
and mainly for wheel-rail force analysis only.  
Overall, no FE model for analyses of wheel-track impact induced by wheel 
defects has considered the shape of wheel or based on a real situation. 
2.5 LIMIT STATES DESIGN & RELIABILITY 
2.5.1 Current design of prestressed concrete sleepers 
Currently, concrete sleepers are designed according to a 19th century 
deterministic method called “permissible stress design method” which was the 
reigning method for engineering until the 1970s. In the permissible stress method, 
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the specified maximum allowed stresses in (AS1085.14, 2003) are simple 
expressions of individual material strengths divided by factors of safety (SF).  
The Permissible stress <= Permissible stress approx. = Yield stress / SF 
The permissible stress is the applied load which consists of static and dynamic 
loads. The dynamic load is simply assumed as number of times (it is related to speed) 
greater than static load (Boyce, 2007), and the bending moment calculation assumed 
the sleeper as a rigid beam and follows the diagram shown in Figure 2.16. This 
method is still being used. 
2.5.2 Concept of limit states design 
In recent years, limit states design is applied almost universally in building 
structure design, bridge structure design, etc. Now, this method is proposed to be 
imported into concrete sleeper design (Steffens, 2005).  
Limit states design means the design method applicable to when the structure 
reaches certain limit states. The philosophy of limit states design can be described as 
“A structure or part of a structure is rendered unfit for use when it reaches a limit 
state. In this state it ceases to fulfil the functions or to satisfy the conditions for which 
it was designed.” (Brameld, 1983) 
Limit states mainly have two aspects: 
(i) Ultimate Limit States:  
    The limit state when a critical situation arises due to different types of failure. 
     (a) Loss of equilibrium (rigid body);              (b) Collapse or partial collapse; 
     (c) Formation of mechanism;                       (d) Instability (buckling & post 
elastic); 
     (e) Failure due to fatigue, corrosion etc.;     (f) Effects of fire or explosion; 
     (g) Failure under construction. 
(ii) Serviceability Limit States:  Visually or functionally dangerous situation. 
     (a) Excessive deformations (visual);       (b) Excessive vibration (sensory); 
     (c) Durability;                                     (d) Serviceability – Drainage, ponding. etc.; 
     (e) Formation and growth of cracks;   (f) Initial yielding; 
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     (g) Excessive deformations causing secondary failures. 
 
The limit states design method for two different types limit states also can be 
described by two diagrams, they are presented in Figure 2.35. 
 
 
Figure 2.35 Diagrams of two types limit states design (Allen, 1982) 
 
 
For limit states design with structures, the basic combinations for the ultimate limit 
states used in checking strength are generally as follows: (AS/NZS1170.0, 2002) 
(a) Ed = [1.35G]                  permanent action only (does not apply to prestressing force) 
(b) Ed = [1.25G, 1.5Q]        permanent and imposed action 
(c) Ed = [1.2G, 1.5ΨtQ]      permanent and long-term imposed action 
(d) Ed = [1.2G, Wu, ΨcQ]   permanent, wind and imposed action 
(e) Ed = [0.9G, Wu]             permanent and wind action reversal 
(f) Ed = [G, Eu,ΨcQ]           permanent, earthquake and imposed action 
(g) Ed = [1.2G, Su,ΨcQ]      permanent action and imposed action 
However, these limit states combinations need to be reconsidered in light of the 
different situation applying to concrete sleepers in track. For example, the dynamic 
actions of wind and earthquake do not apply significant loads to sleepers, but the 
impact forces from speeding trains cause actions which are similar in style to wind 
and earthquake but very different in magnitude and frequency. 
LOAD & LOAD FACTOR FORCE IN A COMPONENT 
RESISTANCE TO FORCE COMPONENT RESISTANCE & RESISTANCE FACTOR 
STRUCTURAL 
ANALYSIS 
FORCE & RESISTANCE 
A) ULTIMATE LIMIT 
B) SERVICEABILITY LIMIT 
LOAD  DEFLECTION, STRESS OR ACCELERATION 
STRUCTURA
L ANALYSIS 
ALLOWABLE DEFLECTION, STRESS OR ACCELERATION 
DEFLECTION. ETC. & ALLOWABLE DEFLECTION. ETC. 
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2.5.3 Reliability 
2.5.3.1 Concept & theory of reliability 
In this research, the concept of reliability is the basis for finding the suitable 
factors for limit states design of railway track concrete sleepers. 
(A) The concept of reliability 
In contrast the reliability theory is based on the theory of probability and 
statistics. It relates to the probability of failure and levels of safety. In all structures, 
the failures can be caused by many reasons, such as overloading, fatigue of materials, 
incorrect use and natural hazard etc. The designers must consider as many reasons as 
possible to set suitable levels of reliability for the structures they design. 
In limit states design, a structure is satisfactory if its calculated failure capacity 
(resistance) modified by an appropriate capacity reduction factor φ, exceeds the sum 
of the nominal load effects multiplied by various load factors LF, so that, the 
expression was proposed by (Ravindra & Galambos, 1978): 
  ∑ yzq{q|q                                                  Eq. (2.14) 
Where Rn – structure resistance; Skn – applied load; φ - reduction factor of 
resistance; LFk – load factor corresponds to Skn. 
Although the limit states are described in deterministic form, the load and 
capacity factors involved are usually derived from probabilistic models based on 
statistical distributions of the loads and the capacities as illustrated in Figure 2.36. 
Structures are designed by a rational, direct method involving an understanding 
of Newtonian mechanics, external actions or loads acting on a structure, and material 
behaviour. The basic idea of design is to make the structure sufficiently strong to 
withstand the loads that will be applied to it. Loads and structural strength are, 
however, to some extent unpredictable and this is where the risk comes in. In LSD, 
to reduce risk of collapse to an acceptable level, load factors - ratios between 
calculated strength and applied loads - are introduced and stipulated in building 
codes and structural standards. (Allen, 1972) 
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Figure 2.36 Frequency-Load Reliability Diagrams (Standards Australia, 1981) 
 
The reliability of a structure is defined as its probability to fulfil the safety 
requirement for a specified period of its lifetime. An important component of 
structural reliability is concerned with the calculation or estimation of the probability 
of a limit state violation for the structure during its lifetime. The probability of 
occurrence of structural failure or a limit state violation is a numerical measure of the 
likelihood of its occurrence. (Reynaldo, Pablo, 2008) 
Advances in computational methods and resources, together with new 
developments in structural reliability and optimization theories, have opened new 
possibilities for improved design methods that incorporate considerations of 
reliability and optimization. (Royset, Der Kiureghian, Polak, 2001) 
(B) Application of reliability concept 
The load and resistance factors in codes and standards are chosen to ensure a 
level of reliability (safety) consistent with the consequences of failure for a broad 
range of loads and materials. 
(1) In some cases the designers may calculate the safety factor for an 
appropriate level of risk instead of stipulated in codes. 
(2) Designers not only rely on design safety factors but also on quality 
assurance procedures to counteract human error in the design, construction and use 
of the structural element. 
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(3) Human error in structural design is most effectively counteracted by an 
adequate consideration of the way in which a structural element behaves and the 
loads and influences it may be required to withstand (Allen, 1982). 
Safety is assessed by means of the four general approaches: 
1. Magnitude of loads on the component                   
2. Types of loading 
3. Principal stresses                                                    
4. Failure theory 
As mentioned above, reliability analysis is based on the theory of probability 
and statistics. So research in this topic is based on randomly varying parameters. 
These parameters in reliability analysis include railway track design parameters, axle 
load, material and geometrical properties, sleeper prestressing force and its losses, 
and model uncertainties related to the structural resistance of the sleeper and load 
effects on the sleeper. Statistical properties of related parameters are adopted from 
previous studies. Sensitivity analyses of the reliability indices for flexural capacity 
according to the requirements of the limit states functions are also investigated, in 
order to evaluate the major influences of dynamic load factors, strengths of materials, 
track parameters, and model uncertainties (Remennikov & Kaewunruen, 2008). The 
primary basic variables are those whose values are of primary importance for the 
design resistance results prescribed in (AS5401, 2005) with regard to fatigue limit 
state, crack growth, load cycles/histories, and fatigue resistance are the primary basic 
variables. 
The sleeper design can be assessed using the reliability-based approach to 
calculate the safety index β. For example, the limit state function g(X) (see equation 
below) with respect to permissible stress criteria can be formulated as follows: 
g (X) = permissible stress – fibre stress                        Eq. (2.15) 
For research on reliability, a reliability model needs to be created; this model 
for each performance criterion considered contains a specified group of basic 
variables. The group represents the physical quantities characterizing actions and 
environmental influences, material and ballast properties, and imperfections and 
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geometrical quantities. With the limit state function g(x), the reliability indices can 
be calculated with the program COMREL (RCP GmbH, 2004). 
2.5.3.2 Reliability index 
For applying the reliability concept into the engineering area, there is a 
calibration for use, namely the reliability index.  It is defined by (Melchers, 1987): 
}  ~P                                                    Eq. (2.16) 
Where: β – reliability index; µ - mean value of samples; σ – standard deviation 
of samples. 
The reliability index is simply a measure (in standard deviation units) of the 
distance that the mean is away from the origin. This point marks the boundary to the 
‘failure’ region. Hence, the reliability index is a direct measure of the safety of the 
structural element and greater reliability index, the safer structure, the lower 
probability of failure (Melchers, 1987).  
2.5.3.3 Simulation of reliability analysis 
Railway track sleeper design belongs to structure design in the civil 
engineering area.  So the reliability analysis of sleeper belongs to structural reliability 
analysis. There is sophisticated software of structural reliability analysis named 
COMREL, which was mentioned at the end of section 2.5.3.1. It can calculate the 
reliability indices by inputting relevant variables and parameters, setting the means, 
standard deviations and distributions.  
COMREL contains abundant functions for structural reliability analysis, for 
this research, the only useful function is calculating reliability indices. To calculate 
reliability indices by COMREL, the limit state functions (failure criteria), variables 
and parameters, correlation between variables and parameters are required.  
Recently, only the COMREL User Manual can describe this software 
explicitly. To create the failure criteria, create the function first and put into 
‘Symbolic expressions’ window. Each failure criterion has the mandatory name 
FLIM followed by its number in parenthesis and possibly a comment in parenthesis 
or in braces. 
There is an example that has been applied to railway sleepers, which is close to 
this research. It is presented below which was done by (Kaewunruen & Remennikov, 
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2008). It was the calculation of reliability indices of bending strength of sleeper at 
the top fibre at rail seat. This example has demonstrated that COMREL is good tool 
for structure reliability analysis. It will be used for this research. 
2.5.4 Code calibration for limit states design 
In application of limit states design method, the format which designers use is a 
limit states design equation which was described in section 2.4.3.1, from that, it can 
be transformed as: 
  7 I 7'y                                  Eq. (2.17) 
Where, Dm and Lm – Means of dead load and live load respectively; γD and γL – 
load factors of dead load and live load respectively. 
Where this equation is commonly used, only two types of loads are considered. 
Some structures need to consider wind load, snow load or other types of load. So Eq. 
(2.16) needs to be added to by consideration of other types of load with load factors 
if it applies to those relevant structures.  
In practise, an application of code calibration for bridge was proposed by 
(Nowak & Lind, 1979). The calibration had adopted the limit states design format 
was that described in section 2.4.3.1 and added six types of load. The limit states 
design equation is expressed by: 
   I 00 I ]] I 'y I og I          Eq. (2.18) 
Where Rn – nominal value of resistance; D1n, D2n, D3n – the nominal value of 
dead load effect of factory produced structural components, other structural and non-
structural components except of superimposed wearing surface and the superimposed 
wearing surface; L – nominal live load effect; I – nominal impact effect; Ps – 
nominal effect of prestressing; α1...αps are the corresponding load factors. 
This calibration method had proposed that the reduction factor of resistance is 
related to the reliability index, and can be recognised by the expression: 
  ( T rRO                                     Eq. (2.19) 
Where δR – bias factor, equals to R/Rn (R is the mean value of resistance); S, Sn 
– the mean value and nominal value of applied load; VR, Vs – Coefficients of 
variations of resistance and applied load respectively; β – target reliability index. The 
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concept of target reliability indices applied for the structure safety levels in LSD 
methods has been proposed in (Kaewunruen & Remennikov, 2008). This concept can 
be adopted to LSD method for prestressed concrete sleepers according to AS5104 
(Standard Australia, 2005). 
This calibration method has been successfully applied to the bridge structures. 
It has been adopted and slightly changed in later code calibration developments by 
(Nowak & Collins, 2000; Nowak & Szerszen, 2003). The changes were based on that 
method but not significant. This calibration method also has been proposed to apply 
to the load factor calibration for 2005 edition of the National Building Code of 
Canada (Bartlett, et. al, 2003) and eventually has been adopted. Therefore, this 
calibration method is most suitable to be adopted for calibrating the code for ultimate 
LSD of PC sleeper.  
2.6 SUMMARY 
This chapter illustrates the previous work recorded in literatures. It contains the 
fundamental knowledge and general ideas for this research. There are some 
important points are listed below: 
 Many literatures about the railway track, limit states design and reliability have 
provided significant understanding of railway track structure, track components 
and their functions, the force transfer to sleepers, force on sleeper, sleeper 
bending strength, concept of limit states design and reliability theory. Those are 
the important and basic knowledge for this research. 
 There are so many significant contributions in wheel-rail force in previous 
literatures including static, quasi-static, dynamic forces (caused by wheel or rail 
defects); they are the important foundations for this research because the 
reliability analysis is exactly based on force or stress analysis. 
 The Beam on elastic foundation (BOEF) has been analysed largely and 
profoundly in the past years. Many previous literatures described BOEF 
significantly and also they are very useful to this research. 
 Many useful computer simulations were found in reviewed literatures. The 
simulations have proved that the computer model simulations are feasible in this 
research. Because this research does not have experimental equipment and 
corresponding laboratories. So the computer simulations will play a significant 
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role in this research project instead of physical experiments. Through the 
comparison between all simulation software, DTrack and FEA are the most 
suitable for this research, which are used in Chapter 3 and Chapter 4. 
 Many FE models have been developed for railway tracks analysis and significant 
results were achieved, that demonstrated the FEA is suitable for railway track 
structure analyses, so it is definitely suitable for sleeper analyses in this research. 
However, there is no FE model base on real situation and for impact analysis on 
sleepers. So, a new FE model is developed for this research in Chapter 3. In 
additional, those developed FE models’ descriptions have provided many useful 
ideas for developing a new FE model for this research. 
 The sleeper is reasonably considered as an elastic beam, and the calculation 
method of bending strength for prestressed concrete beam have been provided in 
the literatures. This method is adopted for the sleeper bending strength analysis 
in Chapter 5. 
 Some calibration methods of LSD of concrete structures were proposed in 
previous literatures, but the concrete sleeper is quite different to other concrete 
structures, so the calibration methods need to be modified for PC sleeper design 
based on the existing calibration method. Chapter 6 illustrates the details of the 
modified calibration methods based on the existing calibration method for 
ultimate LSD of PC sleepers. 
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Chapter 3: Modelling and Simulation 
3.1 INTRODUCTION 
For many cases, experimental data is hard to obtain and usually only available 
for particular conditions of track being tested. As mentioned in Chapter 2, the wheel-
rail impact analysis is a complicated nonlinear analysis.  Therefore, some data need 
to be obtained from numerical modelling and simulation. This chapter is to use an 
existing simulation tool DTrack and develop a three dimensional (3-D) finite element 
(FE) model for wheel-track system using ANSYS. 
Section 3.2 introduces the DTrack simulation. DTrack is a simulation package 
for dynamic track analysis. The DTrack simulation results have been validated 
through an international benchmark in Manchester, as mentioned in Chapter 2. Here, 
it is used for the tracks with low or medium speeds, which are freight and medium 
speed passenger tracks.  
Section 3.3 develops a 3-D FE model based on reality. This FE model is more 
realistic than previous ones which have been discussed in Chapter 2. It will be used 
for analyses of the dynamic bending moment of the sleeper in the high speed tracks. 
Section 3.4 performs parametric studies based on the results from both DTrack 
simulation and FE model. This section is to find the relationships between impact 
force and three important parameters: the wheel flat size, static wheel load and 
vehicle speed. These relationships will significantly contribute to the statistical 
analyses in the next chapter. 
3.2 DTRACK SIMULATION 
3.2.1 Advantages of DTrack analysis 
As mentioned in Chapter 2, Section 2.4.1, the DTrack simulation provides 
quite accurate results and looks more realistic than other simulations in two 
benchmarks. It is used for analyses for the impact bending moment of sleepers 
induced by wheel-rail impact. DTrack has the following advantages: 
(1) DTrack has a convenient, friendly and simple operation interface. It 
does not require much professional knowledge. 
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(2) All parameters of track components including material properties can 
be defined. 
(3) Outputs including dynamic and impact force histories for components 
throughout the track structure are available. 
3.2.2 Applied parameters for analysis 
The parameters of tracks and vehicles of freight track (Lara) and medium speed 
passenger track (Manchester passenger coach line) are proposed by Leong (2006) 
and Iwniki (1998). Those two sites were mentioned in Chapter 1, Section 1.4.2 and 
will be used in this research. The vehicle parameters include the vehicle tare mass, 
carried mass, bogie frame mass, suspension stiffness & damping, wheel rolling and 
contact radiuses, vehicle speed. The track parameters include the rail dimensions, the 
track gauge, the stiffness & damping of rail pad, the sleeper dimensions and the 
stiffness & damping of track bed. The parameters of both vehicles and tracks for 
freight wagon and medium speed passenger carriages are presented in Table 3.1 and 
3.2. 
Table 3.1 The parameters of freight track for DTrack simulation  
a. The track parameters of freight track analysis (Leong, 2006) 
Items Parameters 
Rail *AS 60kg/m; standard gauge(1435mm) 
Rail pad HDPE material  (200kN/m stiffness; 50kN*s/m damping) 
Sleeper Prestressed (2500 length; 250 bottom width; 243 depth); 680mm 
spacing 
Track bed Medium stiffness track bed (50.1kN/m stiffness; 159kN*s/m 
damping) 
 
b. The vehicle parameters of freight track analysis (Leong, 2006) 
Vehicle body RQTY wagon with tare mass 18 tonne, various carried mass 
Bogie Side frame mass: 550kg; Primary suspension stiffness: 1.695MN/m; 
Primary suspension damping: 8kN.s/m. 
Wheel 420mm rolling radius, 360mm contact radius 
Speed 100km/h (typical) 
 
Table 3.2 The parameters of medium speed passenger DTrack analysis  
Table 3.2a The track parameters of medium speed passenger track analysis (Iwniki, 
1998) 
Rail *UIC 60kg/m; standard gauge(1435mm) 
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Rail pad HDPE material  (200kN/m stiffness; 50kN*s/m damping) 




Medium stiffness track bed (50.1kN/m stiffness; 159kN*s/m 
damping) 
 




Manchester passenger coach tare mass 14 tonne; various 
carried mass 
Bogie Side frame mass: 871.67kg; Primary suspension stiffness: 
1.22MN/m; Primary suspension damping: 4kN.s/m. 
Wheel 460mm rolling radius, 330mm contact radius 
Speed 120km/h (typical) 
*AS 60kg/m – Australian Standard 60kg/m rail; UIC - International Union of 
Railways Standard 60kg/m rail. 
3.3 FINITE ELEMENT MODEL 
Because the previous wheel-rail impact analyses were planar and based on 
BOEF principle, a 3-D finite element model of wheel-track system based on real 
situations for the wheel flat impact analyses needs to be developed. 
3.3.1 Advantages of finite element model 
This finite element model can be a powerful tool for the dynamic properties of 
the wheel-track system with wheel flats. It has four main advantages: 
(1) This is a 3-D model and based on reality. That means, each of the components 
has proper shape of the corresponded real track components; the wheel flat and 
impact on the top of rail complies the real principle. 
(2) It considers the wheel-rail dynamic contact, and this contact analysis is not 
limited by half-space assumption. 
(3) All components are treated as deformable bodies, which is more realistic. 
(4) It can be used instead of the experimental test of vertical loading analysis of track 
structure. 
3.3.2 Establishment of finite element model 
As introduced previously, the model is based on real situation. It has adopted 
and improved the basic principle of BOEF model. That means it contains all track 
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structure components includes the wheel, rail, rail pads, sleepers, ballast, sub-ballast 
and formation. The symmetry condition is employed.  
This FEA model has used some simplifications because the analysis is only for 
the vertical track loadings. The components in the reality which interact in the 
transverse or longitude direction and the components which do not interact directly 
with track structure are simplified. 
To establish the FE model, ‘DesignModeler’ in ANSYS is used. In this 
research, three models are established, the heavy haul, medium speed passenger and 
high speed passenger tracks. The establishment is based on the typical ballasted track 
illustrated in Figure 2.1. The order of establishment would be rail, wheel, pads, 
sleepers, ballast, capping layer, sub-capping layer (for high speed track only) and 
formation. 
3.3.2.1 Vehicle  
The vehicle is a complicated system, includes car body and bogies as shown in 
Figure 3.1. The bogies contain suspension systems, bolsters, some equipments and 
wheel-sets. However, the entire system effecting on the track structure is only the 
gross weight of the vehicle, which is the imposed load on track. The vehicle interacts 
with the track structure by wheel-rail system.  
 
Figure 3.1 Components of the vehicle (Popp & Schiehlen, 2003) 
Another important component to the vehicle is the suspension systems, it 
mainly reduce the vibration of the car body. But to the track, its effects are not 
significant, that can be proved by the parametric test in later section. So, the 
suspension systems effect in the FE model can be ignored. 
To sum up, the whole vehicle can be simplified as a force imposed on a wheel. 
This force is converted from one eighth of the gross mass of car body, two bolsters, 
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two bogie frames and four wheel-set axles (the connection shaft between two 
wheels). The only necessary component in the vehicle for this FE model is the wheel, 
because it is the component that interacts with track. 
The wheel-rail interaction is based on the contact between wheel tread and top 
of rail, as shown in Figure 2.2. As mentioned previously, this model is only created 
for vertical track load analysis, so some of the features of the wheel profile can be 
simplified, such as the inner profile of the wheel tread and the curve shape of the hub 
between the axle joint and tread. The designed model of wheel is shown in Figure 
3.2. 
                           
 
 
Figure 3.2 shows that, the wheel tread profile and the hub have been simplified 
into simple cones. It has ignored the conicity of wheel and complicated tread profile 
which resists the transverse movements.  
The wheel is built as a combination of three cylinders according to the diagram 
shown in Figure 3.2. As shown in Figure 3.3, on the outline profile, there is a gap 
which represents the wheel flat. Its location should satisfy the condition which the 
flat profile would impact directly over the top of the analysed sleeper. The 
determination of wheel flat location will be discussed later this section. The 
diameters of each circle corresponding to Figure 3.3 are presented in Table 3.3.  
view Cross section 
Figure 3.2 The designed model of wheel 
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Figure 3.3 Diagram of side view of wheel
Table 3.3 Parameters of wheel correspo






Where, HHCW – heavy haul coal wagon; MSPC 
carriage; HSPC – high speed passenger 
circle area and the area between the outer circle and the second outer circle are 
assumed with a value of 72mm,
the inner small circle and the second outer circle is with a value of 35mm according 
to the wheel structure described in (
3.3.2.2 Rail 
The rail is designed as a beam with the cross section of a 
rail which is presented in Figure 3.
60kg/m rail. 
Because the rail is interacting with wheel and transf
the sleepers, it remains the real cross section profile with exact dimensions, in order 
to keep the accuracy of the results.
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(Leong, 2006; Steffens, 2005 & Wang, 
2007) 
nding to the marks in Figure 3.3 (Leong, 
 
 D90, mm D91, mm 
162 715.87 915 
162 715.87 920 
162 715.87 920 
– medium speed passen
carriage. The thickness of the inner small 
 which is the width of top of rail, the area between 
Wang, 2007). 
UIC 60kg/m standard 
4, and the AS 60kg/m rail is very similar to UIC 
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Figure 3.4 Cross section of 60kg/m standard rail (Steffens, 2005) 
 
The rail can be built by extruding the rail cross section which is shown in 
Figure 3.4. It is built in ANSYS as mirror copy of a half cross section as shown in 
Figure 3.5. The dimensions corresponding to Figure 3.5 are presented in Table 3.4.  
The length of extrusion has chosen by the space of three sleepers, which is the 
distance of one bottom width of sleeper below plus double sleeper spacing. As 
presented in Table 3.6 (later), the spaces of three sleepers of heavy haul, medium 
speed and high speed lines are 1620mm, 1470mm and 1500mm respectively. 
Therefore, the length of extrusion can be 1700mm, 1500mm and 1500mm 
respectively. 
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Figure 3.5 Diagram of rail cross section in half body
 
Table 3.4 Parameters of rail corresponding to the marks in Figure 3.
 
V31 H30 L34
mm 172 75 8.25
 
3.3.2.3 Sleepers 
This model is mainly for sleeper 
simulation results are from the sleepers. So the sleepers are main components in this 
FE model. To determine the model of sleeper
namely the cross section and the elevation
is not a simple rectangle, but a complicated shape. Especially the height at rail seat is 
higher than that at the mid span. 
always assumed as a uniform beam in such analysis, 
simplified. 
The sleeper analysis is concentrated
rail force at the rail seat position
sleeper at the rail seat position must be applied, and the mid span cross section is not 
necessarily considered. Therefore, the sleeper can be built as a beam with a cross 
section of the rail seat position of sleep
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 L42 R35 R38 R39 R40 
 36 20 5 3 2 
force and bending analysis. Most of the 
, two factors must be considered, 
. As shown in Figure 2.17, the side shape 
However, for vertical loading analysis, the sleeper is 
so the shape needs to be 
 in the force and bending caused by wheel
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Another factor is the number of sleepers. In reality, the railway line is 
extremely long and millions of sleepers are installed to support the rails on the line. 
But in this FE model, it is impossible to set up such many sleepers, only small 
number is obtainable.  
According to AS1085.14, the wheel load distributes on a number of sleepers 
under the rail, the sleeper which beneath the wheel load position supports the highest 
percentage of the wheel load. Others which next to that support less percentage 
depend on the distance away from that one. The principle of wheel load distribution 
on sleepers is presented in Figure 3.6. Because of the load is above the middle 
sleeper, the distribution is symmetric. That means N2=N3, N4=N5 and N6=N7. 
Normally, the more numbers of sleepers installed in the model, the higher usage of 
computers. The load on each sleeper can be calculated by Eq. (2.13) with the relevant 
parameters. The analyses of heavy haul coal wagon, medium and high speed 



















N1-3 N1-5 N1-7 
HHCW 685 128 72.9 31 0.8 -3 134.9 136.5 130.5 
MSPC 610 52 26.4 13.2 1.6 -1.1 52.8 56 53.8 




N1 N3 N2 N4 N5 N6 N7 
Figure 3.6 The principle of wheel load distribution on sleepers 
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Where, S/S – sleeper spacing, W/L 
5 – total of N1 to N5, N1-7 
support force from the sleeper beneath the wheel load position and the two 
neighboured sleepers together (
MSPC and HSPC, for HHCW, this value of N1
than N1-3 for only 3.4%, which is ignorable. 
model is adequate for analysis.
As discussed about the simplification of sleeper model previously, the sleeper 
is built as an extrusion of the cross section at rail seat as shown in Figure 3.
dimensions of different types of tracks are different, as presented in Table 3.6.
Figure 3.
In this model, three sleepers need to be built, so the sleeper spacing and track 
gauges should be considered. The sleeper spacing determines the distances between 
sleepers, and the track gauge determines the location of the rail. The values of 
sleeper spacing and track gauges for different types of tracks are also different. All 
dimensions corresponding to Figure 3.7
presented in Table 3.6. 
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– wheel load, N1-3 – total of N1 to N3, N1
– total of N1 to N7. The results show that
N1-3) is the most appropriate to the wheel load for 
-7 is the most appropriate, but higher 
Therefore, installing three sleepers in 
 
 
7 Diagram of sleeper cross section 
 
, the sleeper spacing and the track gauges are 











 208 2200 1067 685
 220 2500 1435 610
 210 2600 1435 600
 
-







 Chapter 3: Modelling and Simulation 61 
3.3.2.4 Rail pad 
The rail pad is an element to attenuate dynamic effects of wheel-rail 
interaction. It is a solid resilient element underneath the rails. The properties of rail 
pads are different based on the operational environments. Considering the 
degradation of rail pads over time, current design codes have not taken the benefit of 
bending stress reduction into account. Therefore, the rail pad effect needs to be 
involved in this FE model. It can be treated as an elastic box with proper dimensions. 
In this model, three pads are installed corresponding to three sleepers. 
The rail pad is simply a thin box, and the number of rail pads is same as the 
number of sleepers, they are located on between the bottom of rail and tops of 
sleepers. According to the record in (Steffens, 2005), the dimensions of rail pad are 
presented in Table 3.7. 
Table 3.7 Dimensions of rail pad (Steffens, 2005) 
 
Length width Height 
Unit, mm 180 150 7.5 
 
3.3.2.5 Ballast, Sub-ballast/capping & Sub-capping 
The ballast, capping layer and sub-capping layer belong to the railroad bed. 
They are all used to buffer the impact and reduce the vibration from wheel-rail 
impact. Because the railroad bed only behaves as elastic support layer in vertical 
direction, in this model, they are treated as elastic bodies with the proper cross 
sections and lengths. The sub-capping layer is only contained in high speed 
passenger track structure only. Because the cross sections of ballast, sub-ballast and 
sub-capping layers are simple and with regular shapes, no simplifications applied on 
them. The shapes of cross sections of ballast and sub-ballast that used in the FE 





Sub-capping (for high speed only) 
Figure 3.8 The cross sections of ballast and sub-ballast 
 62 
 
According to the illustration previously, the ballast, 
capping layer are simply built as extrusions of the cross sections. The cross sections 
are sketched as shown in Figure 3.9 and Figure 3.10. The sub
contained in high speed track structure.
Figure 3.9 Diagram of ballast and capping layers
Figure 3.10 Diagram of sub
 
The dimensions of those layers corresponding to Figure 3.9 a
presented in Table 3.8. The extrusion lengths of all layers are same as the extrusion 
length of rail. 
Table 3.8 Dimensions of ballast, capping and sub
 V46,mm V47,mm
HHCW 250 150 
MSPC 250 150 
HSPC 300 150 
 
3.3.2.6 Formation 
The formation is the soil layer. I
silt, sand and rock. Soil is a special material. Under compression, it reveals the 
elastic properties, but it does not resist tension and shear. Also, the proportions of the 
Angle
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capping layer and sub




-capping layers for high speed track 
nd 3.10 are 
-capping layers corresponding to 
Figure 3.9 and 3.10 
 V70,mm H51,mm H53,mm angle 
- 1356 2596.2 1:1.5 
- 1356 2596.2 1:1.5 
700 1800 4500 1:1.5 











 Chapter 3: Modelling and Simulation 63 
components are quite hardly available. However, the soil is mainly under 
compression in track structure, which means in track structure vertical loading 
analysis, the soil can be assumed as an elastic body. 
Because of the soil layer is extremely deep, which means that it is always 
treated as semi-infinite space in engineering analyses. But in FE model, it needs to be 
built with finite depth. The depth determination is illustrated in Section 3.2. 
The formation layer needs to be built with a depth. Because this model is 
concentrated on the sleepers, and the heights of sleepers vary from 208mm to 
220mm. The gross thicknesses of ballast and capping layer vary from 400mm to 
450mm. Therefore, the formation is assumed as 1m, which is approximately 5 times 
larger than sleeper heights and the gross depth of ballast, capping layer and 
formation is 7 times larger than sleeper heights.  
However, to ensure the analysis is appropriate the reality with this depth, an 
analysis is required. This analysis is to build a model that contains the sleeper, 
ballast, capping layer and formation with in half body wheel-rail load which is 




Applying three depths of 1m, 2m and 3m, the results of vertical deformations d 
and stresses σ at 1m depth are presented in Table 3.9. 
Table 3.9 Analysis of formation depth for 1m 
Depth, m d at 1m, mm σ at 1m, MPa 
1 0 0.078 
2 0.5 0.08 
3 0.9 0.081 
Wheel-rail 
load at rail seat 
Formation depth 
Figure 3.11 The model for formation depth analysis 
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According to the results in Table 3.9, the variation of deformation was less 
than 1mm, and the variation of stresses also very tiny. Therefore, the consequence of 
this analysis is that, the deformation and stress error of formation at deeper than 1m 
is quite tiny. Although the deeper, the more appropriate results can be obtained, but 
the analysis would waste the hardware resources. It is not necessarily to apply a large 
depth. So, the depth of 1m is reasonable for this analysis. 
Furthermore, the dimensions of formations for three types of track are obtained 
and presented in Table 3.10. 
Table 3.10 Dimensions of formation layers 
 Length, mm Width, mm Depth, mm 
HHCW 1700 2856 1000 
MSPC 1500 2856 1000 
HSPC 1500 5809.8 1000 
 
3.3.2.7 Location of wheel on rail 
Again, this analysis is based on wheel-rail impact and its transfer to top of the 
analysed sleeper by wheel flat profile on the wheel profile. Therefore, the locations 
of wheel and the wheel flat surface are important to the analysis, because the location 
of wheel determines the wheel flat impact time and the impact position on rail. In 
this analysis, the middle sleeper of three sleepers is the analysed one. So, the impact 
position is expected on the area right above the top of this analysed sleeper. The 










Figure 3.12 The principal diagram of impact position 
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Figure 3.12 shows that, BD is the wheel flat profile, point A is the location 
where the wheel starts to move, the impact area on wheel is point B and the impact 
position is point C which is on the top of the analysed sleeper. To gain this purpose, 
the condition is that AB approximately equals to AC. 
Furthermore, this analysis emphases the wheel-rail impact by wheel flat, the 
moving time of wheel should cover the impact period (from point D to point B 
during the wheel moving) but not so long because the simulation processes of 
dynamic analysis in FEA take quite long time and high usage of hardware. 
Therefore, the other consideration of locating the wheel is the distance between the 
wheel centre and the centre line of sleeper, which is the distance ‘d’ from point O to 
the dot-dash line shown in Figure 3.12.  
The impact time is related to the moving speed of the wheel. According to the 
simulation process, the assumed time length is 0.01s. So, for three moving speeds of 
wheels, the impact should occur earlier than 0.01s, in order to obtain the results of 
impact. 
3.3.3 Applied loads, boundary conditions and materials 
For the analysis, the loads, boundary conditions and relevant materials to the 
components of the model need to be applied, including the wheel load, wheel moving 
velocity, angular velocity, the materials, the meshing for each component, the 
contacts and the constraints on the components of this model. 
3.3.3.1 Wheel load 
In this model, the only load is the static load on wheel, which is applied on the 
centre of wheel. The position of applied load and direction on wheel are shown in 
Figure 3.13. 
The magnitude of this force is one eighth the combined load of vehicle wagon, 
two bogie frames, two bolsters and four wheel axles, which is expressed by Eq. (3.1). 
The wheel’s self weight is included in the model. 
z  ^ yi I 2y I 2y I y                                Eq. (3.1) 
Where, Lw is the wagon static load; Lbf is the load of bogie frame; Lb is the load 
of bolster; Ls is the load of wheel set shaft. The wheel load values are applied as 
those in Table 3.5. The static wheel load for each type of track are derived based on 
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QR coal wagon (for HHCW), Manchester passenger coach carriage (for MSPC) and 
ICE2 carriage (for high speed) respectively. Table 3.11 presents the applied force on 
the wheel of each type of vehicle according to Table 3.5. 
 
Figure 3.13 The position of applied wheel load 
 
Table 3.11 The applied force on wheel of three types of vehicles 
 
HHCW MSPC HSPC 
Magnitude of force, kN 128 52 71 
 
3.3.3.2 Velocity on wheel 
As the wheel is rolling on the top of rail, its velocity has two components, 
namely the moving velocity and angular velocity. Their relationship is that, the 
product of angular velocity magnitude and radius of the wheel equals to the 
magnitude of moving velocity. For three types of vehicles, the magnitudes of both 
moving and angular velocities are converted from the vehicle speed with unit of 
km/h, which are presented in Table 3.12. 








HHCW 72 20 43.46 
MSPC 160 44.4 96.62 
HSPC 250 69.4 150.97 
 
The force 
concentrates on the 
centre of the wheel 
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3.3.3.3 Boundary conditions 
As mentioned in previous section, this model is a simplified in a certain extent. 
To ensure to achieve the satisfactory results, some constraints should be applied to 
the components. The surfaces which need to be constrained are shown as solid filled 
areas in Figure 3.14.  
 
 
Figure 3.14 The boundary conditions of supports on FE model 
 
1. The fixed support is applied to the bottom of formation, which is the bottom area 
of the model as shown in Figure 3.14, in order to fix the entire model.  
2. The cross areas of ballast, capping layer, pre-subgrade and formation are fixed on 
the longitude directions and only free in the vertical direction. Because the 
foundation layers in reality is consecutive and its length tends to infinite, each cross 
section area should not move on longitude direction. 
3. The areas on formation parallel to the rail are fixed on the horizontal directions, to 
ensure the formation layer is only deformable in vertical direction. The reason is that, 
the formation layer in reality has infinite horizontal area, it only deforms in vertical 
direction as an elastic foundation of railway track structure. 
 
The filled areas are only allowed to 
move vertically. The bottom of 
model is fixed. 
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3.3.3.4 Contacts 
In this model, only the wheel is moving, the other components are in constant 
contact with each other, so all components in the entire track structure are bonded. 
On the wheel tread, there are two surfaces, which are the round profile and the flat 
surface. Because the wheel rolls on the top of rail, the round profile of the wheel and 
top of the rail have neither separation nor relative sliding except the wheel flat 
impact period. The flat profile contact with the top of rail only at the impact time, the 
interaction between them is simple impact. Therefore, the contact between round 
tread and the top of rail is bonded; between the flat and top of rail is body interaction. 
 
3.3.3.5 Materials of components of model 
The proper materials should be applied to all components of this model. The 
wheel and rail are made of steel, the sleepers are concrete, and the rail pads are made 
of high density polyethylene (HDPE). There properties are available in (Steffens, 
2005). However, the substructure layers are not normal materials, the ballast consists 
of crushed rocks, and others consist of different types of soil. As they are treated as 
elastic bodies, the equivalent properties are required. For these equivalent properties, 
Sun & Dhanasekar (2002) have calculated the values of damping coefficients of 
substructure layers based on the relevant theoretical assumptions, and rest of 
parameters are provided by Australian railway researchers, railway asset managers 
and railway manufacturing companies. The relevant parameters of materials applied 
to the components are presented in Table 3.13. 
Table 3.13 The relevant parameters of applied materials in FE model (Sun & 












Steel 200000 0.3 7850 - 
Concrete 30000 0.18 2300 - 
HDPE 1050 0.35 985 50000 
Ballast 130 0.1 1400 220000 
Sub-ballast 200 0.1 2000 1150000 
Pre-subgrade 200 0.2 1700 1050000 
Formation 170 0.25 1700 1050000 
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3.3.3.6 Meshing the model 
In this model, all components are meshed with the 3-D solid elements, i.e., 
SOLID45 element, because it is used for “3-D modelling solid structures” without 
large deformations (ANSYS, 2010), which is most suitable for this analysis.  
The contact region between wheel flat profile and top of rail is a body 
interaction contact. At the impact time, the contact is an edge (one end of flat 
surface) to a surface (top of rail), and then becomes two surfaces contacts because of 
the deformation occurring in contact region. The best element type for this contact is 
CONTA175, which is applicable to 2-D or 3-D structural and coupled field contact 
analyses such as between a node and a surface, or between a line and a surface. The 
rest of contact regions between the components are static surface contacts, which are 
only 3-D contacts. There is an element type particularly for 3-D contact analysis, 
namely is CONTA173. Therefore, this element type is applied to those static 
contacts.  
The element size is important to the FE model, because it strongly affects the 
accuracy of the simulation results. In this model, the components and areas are 
divided into three categories according to the requirement of simulation. On category 
1, the components and areas which are directly related to the expected results; on 
category 2, the components and areas which contact with those components; and on 
category 3, the rest of components and areas which neither directly relate nor contact 
with those on category 1. The details of categories are presented in Table 3.14. 
Table 3.14 The division of components’ categories of FE model 
 
Components and areas 
Category 1 Wheel, wheel flat surface, rail, the impact area on rail, 
the region on analysed sleeper below the impact 
region of rail, the rail pad above the analysed sleeper 
Category 2 Three sleepers, rest of two rail pads, ballast 
Category 3 Sub-ballast, pre-subgrade, formation 
 
According to Table 3.14, the element sizes should be different. For the 
components and on category 1, the element sizes should be small enough to ensure 
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the simulation results extracted from those components convergent. To find that size, 
a convergence analysis is required.  
This convergence analysis aims to observe the quasi-static wheel-rail force by 
decreasing the element sizes on wheel, flat surface and the impact region on rail. The 
element sizes applied on those regions are 40mm, 30mm, 20mm, 15mm, 10mm and 
5mm. The wheel-rail forces under different element sizes are shown in Figure 3.15. 
 
Figure 3.15 Relationship between incremental quasi-static wheel-rail force based on 
wheel-rail static force and element size 
 
As shown in Figure 3.15, the result converges at the element size of 
approximately 5mm. So, the size of 5mm is suitable to be applied on the regions 
which extract the simulation results such as wheel flat profile, the region contacts 
with wheel flat and the region on analysed sleeper where the impact force is 
transferred to. For wheel and rail, applying 5mm is not necessary because it does not 
change the results significantly, but it will significantly s increase the computational 
cost. Other components and contacts between them are meshed according to the 
categories and availability of hardware conditions. The details of meshes used in this 
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Table 3.15 The details of FE model meshing 
Components Element Type Element size, mm 
Wheel SOLID45 10 
Flat profile SOLID45 5 
Rail SOLID45 20 
Impact region on rail SOLID45 5 
Rail pad beneath impact region SOLID45 2.5 
Other rail pads SOLID45 10 
Sleepers SOLID45 30 
Analysed sleeper beneath impact region SOLID45 5 
Ballast SOLID45 50 
Sub-ballast SOLID45 105 
Pre-subgrade SOLID45 125 
Formation SOLID45 150 
 
 
Contacts Element Type   Element size, mm 
Wheel flat – top of rail(impact region) CONTA175 5 
Wheel profile – top of rail CONTA173 10 
Rail - pads & pads – top of sleepers CONTA173 5 
Sleepers - ballast CONTA173 30 
Ballast – subballast CONTA173 50 
Subballast - formation CONTA173 100 
Subballast – presubgrade (high speed) CONTA173 100 
Presubgrade - formation CONTA173 125 
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(a) FE model of heavy haul track
(b) FE model of medium speed passenger track
(c) FE model of high speed track
Figure 3.16 The meshed FE models of three types of tracks
3.3.4 Validation of the FE model
An important consideration when using an FE model to do 
experiments in the computer 
results are valid representations of reality. Thus when using the 
proven that the values from the simulations are 
the newly developed FE model in Section 3.3.3 will be validated in this









instead of actual physical experiments is whether the 
FE model, it must be 








Wheel flat  
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including the validations of the rolling process and the peak value of impact force. 
The model of heavy haul track is used for validation. 
3.3.4.1 Validation from rolling process 
To validate the FEA model, the FEA results are firstly compared against those 
obtained from DTrack that was well-developed and used for track dynamic analysis. 
As mentioned in Section 3.1, DTrack simulation results have been validated in the 
Manchester benchmark back to 1998. DTrack has also been validated through an 
international benchmarking exercise against six widely used models, such as 
NUCARS, and against measured track data in (Leong, 2006). Therefore, it is 
reasonable to employ DTrack as a reference in this validation. 
To validate the numerical model, a perfectly round wheel was chosen. The 
relationship between the wheel-rail impact force and time is shown in Figure 3.16. 
The variation of the force with time is due to the wheel rolling over the spaces 
between sleepers as well as vibration of the rail and, to a lesser extent, to the railroad 
bed. The mean value of the trace is the quasi-static force (Grassie, 1995).The wheel–
rail forces from the FE model are shown in Figure 3.17 with an additional (dotted) 
line representing the output from the DTrack model for the short section of track 
simulated in the FE model. It can be found from Figure 3.17 that the trace of the 
DTrack output and the moving mean of the trace of the FE model agree each other. 
Hence, the FEA model is validated by the DTrack.  
 
 
Figure 3.17 Simulation results for wheel–rail contact force from FE model and from 
DTrack 
 
It should be noted here that Figure 3.17 shows that, at the beginning, the 
impact force increases from zero and varies at a high frequency because the ANSYS 
dynamic simulation requires the model to commence with a suddenly applied load – 
FEA 
DTrack 
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as shown in time duration of 0- 0.001 seconds in Figure 3.17. The DTrack simulation 
did not use this kind of explicit loading process and therefore the results in Figure 
3.17 do not have transition stage. The FE trace in Figure 3.17 suggests a high 
frequency vibration of the wheel on the rail of about 6 kHz. This frequency is much 
higher than frequencies measured with normal track instrumentation or modelled in 
dynamic packages such as DTrack. Although the vibration diminishes a little with 
time in Figure 3.17, it does not disappear which suggests that it is a vibration which 
may not have been considered or detected previously. 
3.3.4.2 Validation from peak value of impact force 
The principle of rolling impact is presented in Figure 3.18. The wheel-set drops 
for a distance from point O1 to O3 and to induce an impact on the top of rail at point 
B. 
 
Figure 3.18 The principle of wheel–rail impact induced by wheel flat 
 
If assuming the wheel flat length L and wheel radius R are given, then the angle 
φ can be derived as expressed by: 
  2 arcsin / '0(1                                            Eq. (3.2) 
Where, φ is the angle corresponding to flat profile as shown in Figure 3.18. 
The angle of wheel turns over due to impact can be found in Figure 3.18 which is (φ-
θ). It is related to the angular rotation speed ω. 
   +                                                       Eq. (3.3) 
Where θ is the angle as shown in Fig. 1, and it is derived from the dropping 
distance h expressed by Eq. (3.4), t is the dropping time for the wheel moving from 
O1 to O3 as shown in Figure 3.18. 
  ,,-. 1 + >(                                                Eq. (3.4) 
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Substitute Eq. (3.2) and Eq. (3.3) into Eq. (3.4), we can obtain: 
2 ,.uv / '0(1 +   ,,-. /1 + >(1                     Eq. (3.5) 
In Eq. (3.5), there are two variables of the dropping time t and the dropping 
distance h. However, the FE model simulation can only provide the dropping time.  
The dropping distance h can be converted to an expression of dropping time t by the 
formula h=g*t2/2, where g is the gravity acceleration. Substitute the formula into Eq. 
(3.5)  
 2,.uv '0( + ,,-. /1 + `?0( 1 +   0                 Eq. (3.6) 
Eq. 3.6 is a transcendental equation, which can be solved by a numerical 
method. To derive the wheel-rail impact force, an existing model base on the 
principle of BOEF model, as discussed in Chapter 2, developed by (Dong, 1994) is 
employed, as presented in Figure 3.19. 
 
Figure 3.19 Principle of track structure simulation (Dong, 1994) 
 
Furthermore, according to Figure 3.18, the impact is not only from the wheel-
set dropping on track, but also from the vertical speed component induced by wheel 
rotation, which was not considered in previous work. The vertical component cannot 
be ignored, because the rotation speed of the wheel is big and it can induce high 
vertical impact forces. The vertical speed component from the wheel rotation is 
expressed by: 
.  .uv                                                    Eq. (3.7) 
According to the theory of dynamic load (Fan & Yin, 2004), the wheel-rail 
impact force can be derived though the law of energy conservation. For this case, the 
energy equation can be expressed by: 
0 <i0 I Y I F  0 F0                            Eq. (3.8) 
Where, Mw is the mass of wheel, v is the initial vertical speed, ud is the 
deformation induced by impact force and K is the combined stiffness below the rail, 
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as expressed by Eq. (3.9). To facilitate solving the equation, it can be converted to 
Eq. (3.10) 
  NNR                                                                Eq. (3.9) 
Y 0 I  I F  12 F0 
F0 + 2YF + 2Y I `   0                        Eq. (3.10) 
Obtain the result by solving the equation above.  
F  1 I 1 I 0>R9O                                       Eq. (3.11) 
So, the wheel-rail impact force that is induced by the wheel flat at point B 
shown in Figure 3.18 can be expressed by. 
F ¡  Q£ ¤1 I 1 I 0¥R¦¦§¨.©ª« ¬­¬®¬­R¬®¯                 Eq. (3.12) 
Where Qw is the static wheel load which derived from the total mass of the 
vehicle, Kp and Kb are the stiffness of the rail pad and the railroad bed (inc. ballast, 
capping and formation layers), respectively. 
Because the wheel-rail impact force is based on track vibration, the rail-sleeper 
impact force is transferred by rail pad through track vibration. Therefore, the rail-
sleeper impact force can only be derived from track vibration analysis. According to 
Figure 3.19, the theoretical expressions of the vibration under wheel-rail impact on 
rail and sleeper in this model are presented as.  
°±² I ,J±[ + ±[  I J± + ±  z|                         ±² I ,J±[ + ±[  I ± I J± + ± I ,J±[  0 "          Eq. (3.13) 
Where, mr, ms are the mass of wheel, rail and sleeper respectively; Kp, Kb are 
the single stiffness of wheel, rail pad and ballast bed respectively; Cp, Cb are the 
single damping coefficients of rail pad and ballast; yr, ys are the displacements of rail 
and sleeper respectively. Obviously, this system of equations describes a forced 
vibration. An easy method to obtain the rail-sleeper force through this equation 
system is using the MATLAB Simulink package. The purpose of Simulink analysis 
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is to obtain the output signal from an input signal. In this system, the input signal is 
the wheel-rail impact force and the output signal is the rail-sleeper impact force. The 
transform process consists of transfer functions and links. The transfer functions are 





In Figure 3.20, GFY(s) is the transform function between pad deformation and 
wheel-rail force as expressed by Eq. (3.14), Gps(s) is the transform function between 
sleeper deformation as expressed by Eq. (3.15) and pad deformation and ‘du/dt’ is 
the differentiation element.  
G´µs  ¶N·¸¹  NRNºOhR»ºRNO¼nR»ºRNORN½¼R»NRN¼RN                      Eq. (3.14) 
G¾¿s  ¶O¶N  NRNO.2I»NI¼.INRN                          Eq. (3.15) 
Because this analysis only requires the peak value of rail-sleeper force, and the 
impact duration is quite short, the wheel-rail impact force signal can be assumed as 
an impulse signal, as expressed by:  
z|  z|                                                            Eq. (3.16) 
For this case, the analysed track is the heavy haul track with the wheel flat 
length of 50mm. Substitute the relevant parameters of heavy haul track which are 
required in the transfer functions. The results are obtained and compared with the FE 












Figure 3.20 Principal diagram of Simulink analysis 
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Table 3.16 The comparison between results from theoretical analysis and FE model 
 
Theoretical result FEA result 
Dropping time, ms 2.3 1.9 
Wheel-rail impact force, kN 383.8 414.5 
Rail-sleeper impact force, kN 219.1 236.5 
 
According to the comparison in Table 3.16, the difference between FEA results 
and the theoretical results are less than 8%, it has proven that the FEA model is valid 
to be used. 
3.3.4.3 Validation from peak value of bending moment of sleeper at rail seat 
This validation is to compare the bending moment peak value of the analysed 
sleeper at rail seat from the FE model and the calculated result by the theoretical 
formula of bending moment of sleeper at rail seat under the peak value of rail-sleeper 
impact force. The peak value of bending moment of sleeper at rail seat occurs at 
same time as occurrence of the peak of rail-sleeper impact force.   
The theoretical formula is derived from a finite length beam with continuously 
distributed elastic support and a force on the beam at a position, which has found in 
(Chen, 2004), as the principal diagram is shown Figure 3.21. It is based on a half 
sleeper. The left end (x=0) is at the mid span of sleeper; the position of rail seat can 
be found according to the sleeper length and the track gauge. The calculation formula 










Figure 3.21 Principal diagram of theoretical formula derivation for sleeper bending 
moment 
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In this formula, Pr is the rail-sleeper force; I – step function (x<0, I=0; x=0, 
I=0.5, I>0, I=1); G – gauge; E – Young’s modulus of sleeper; Ix – moment of inertia 
on axis x, Kb – sleeper support stiffness; y – vertical deformation of sleeper. For y(0) 
and y’’(0) are calculated by: 
   	osh                                                    Eq. (3.18) 
±0  + n	os ÁÄ_À|>Ä_ÀR|Ä_À>Ä_ÀÂ/|Ä_Ä_Ä_|>Ä_1|Ä_Ä_>Ä_|>Ä_ I




ÁÄ_À|>Ä_ÀR|Ä_À>Ä_ÀÂ/|Ä_Ä_>Ä_|Ä_1|Ä_Ä_>Ä_|>Ä_                         Eq. (3.20) 
Compare the result from calculating the bending moment at rail seat with the 
result from FE model simulation under the peak of rail-sleeper impact force. The 
results are closed to each other, with error of 5%. Results are presented in Table 3.17.  
Table 3.17 Comparison of sleeper bending moment between theoretical calculation 
and FE model simulation 
 
Theoretical result FEA result 
Bending moment, kNm 15.36 16.07 
 
3.3.5 Results 
The FE model, developed in Section 3.3.3 and validated in Section 3.3.4, is 
used for the analysis of wheel–rail impact forces on the track. Still use the FE model 
of heavy haul track. The wheel–rail impact forces induced by wheel flats with 
different sizes on the top of the rail and the sleeper are investigated.  
3.3.5.1 Wheel-rail impact force 
In this case, the wheel with a 50mm flat is considered. The dynamic impact 
force induced by the wheel-flat is plotted in Figure 3.22. For the comparison, the 
results for a case with the perfect wheel (i.e. no flat) are also plotted in the same 
figure. It should be noted that as discussed in Section 3.3.4.1, the force values plotted 
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in Figure 3.22 include the statics loading of 128kN (presented by the straight line) 
applied on the wheel axle. 
From Figure 3.22, it can be found that at the beginning of the trace, the high 
frequency 6kHz wheel–rail dynamic force (the increment from statics loading) 
induced by the smooth portion of the defected wheel is around 24kN, which is 
identical to dynamic component of the force induced by the perfect wheel until 
approximately 0.0057s, because the wheel flat surface was not interacting with rail 
during this period. After 0.0057s, the wheel starts to separate from the rail at the flat 
surface because of the inertia of wheel until at 0.0078s when the wheel impacts on 
the top of the rail. The wheel-rail force is reduced to zero during the separation from 
rail and increases rapidly at the moment of impact. The impact force induced by the 
wheel flat is dramatically greater than the dynamic component induced by a perfect 
profile. According to Figure 3.22, the incremental impact force from the flat is 
approximately 292kN – more than twice the wheel static load which is around 
128kN. In summary, this flat profile significantly increases the wheel–rail contact 
force. 
 In addition, from Figure 3.22, we can also find that the wheel flat impact 
induces a forced wheel-rail vibration after impact, with a frequency of wheel-rail 
force of approximately 1.1 kHz. 
 
Figure 3.22 Comparison between wheel–rail contact forces induced by a perfect 
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3.3.5.2 Rail-sleeper impact force 
As mentioned, the rail-sleeper impact force is transferred from wheel-rail 
impact force through rail and rail pad. The rail-sleeper force at rail seat 
corresponding to wheel-rail impact force is presented in Figure 3.23.  
 
Figure 3.23 The rail-sleeper impact force at rail corresponding to wheel-rail impact 
force 
 
Obviously, the rail-sleeper impact force shown in Figure 3.23 is the 
incremental force, because from beginning to approximately 0.0057s, the impact 
force varies around zero. The rail-sleeper impact force is almost synchronic to the 
wheel-rail impact force. The reason would be that, the rail height and rail pad 
thickness are tiny and be able to transfer the impact for a quite short time even hard 
to recognise by comparing the Figure 3.22 and Figure 3.23. The peak value of rail-
sleeper force is reduced to 236.2kN corresponding to 296.5kN of incremental wheel-
rail force (not including the static wheel load), and the amplitude force is lower than 
wheel-rail force. The reason is attributed to the rail pad, which buffers the impact and 
absorbs the vibration. 
3.3.5.3 Relationship between wheel-rail and rail-sleeper impact force 
This section investigates the relationship between the wheel-rail force and rail 
sleeper force through the relationship between both impact forces and wheel flat size. 
To investigate the effect of wheel flat size on the impact force, flats were 
studied with sizes of 30mm, 40mm, 50mm and 60mm. Their results are presented in 
Figure 3.24. 
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Figure 3.24 Wheel–rail impact forces induced by 30mm, 40mm, 50mm and 60mm 
wheel flats 
 
As shown in Figure 3.25, it was found that the larger the wheel flat size, the 
greater the impact force. In addition, for a longer flat, the impact starts at a later time, 
because the flat length determines the drop distance and time of wheel flat impact on 
the rail, as shown in Figure 3.18.  
The wheel–rail impact force was transferred to the sleeper through the rail pad 
at the rail seat and the induced impact forces on the sleeper are shown in Figure 3.25. 
The impact force on the sleeper has similar characteristics to the impact force on the 
wheel-rail, but it has more complicated oscillation property. The detailed results are 
summarized in Table 3.18. 
 
 
Figure 3.25 Incremental impact forces on sleeper by 30mm, 40mm, 50mm and 
60mm wheel flat sizes 
 
  30mm flat 
 
  60mm flat 
 
  50mm flat 
 
  40mm flat 
 
  60mm flat 
 
  30mm flat 
 
  50mm flat 
 
  40mm flat 
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Table 3.18 Wheel-rail and sleeper impact forces and frequencies induced by various 







30 279 110.5 
40 240.3 162.2 
50 296.7 230.5 
60 396.3 307 
 
The relationships between wheel–rail force and wheel flat size, and between 
sleeper force and wheel flat size are shown in Figure 3.26. They were found to be 
non-linear and monotonically increasing. In Figure 3.26, the wheel-rail impact forces 
between 30mm and 60mm present as a curve, whereas the sleeper impact forces 
follow an almost straight-line trend. Therefore, for track design purposes, it is 
reasonable to use a straight line to describe the relationship between sleeper impact 
forces and the wheel flat sizes. The specific form of these relationships will of course 
change depending on the rail, pad, sleeper and ballast characteristics of a given track.  
  
Figure 3.26 Relationship between incremental impact force and wheel flat sizes for 
wheel-rail (solid line) and sleeper (dashed line) at the rail seat 
 
The relationship of the incremental impact force on the sleeper and the 
incremental wheel-rail impact force was found based on values listed in Table 3.18, 
and is presented in Figure 3.26. As shown in this figure, the impact forces on the 




















Wheel flat size, mm
wheel-rail force
rail-sleeper force
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understand because only a partial impact forces are transferred from track to the 
sleepers. 
According to the analysis results of FE model, it has proved that the FE model 
can be a powerful tool for numerical analysis of the dynamic properties of the wheel-
track system, especially with wheel defects. Some important conclusions drawn from 
these analyses may serve as guidance for the design and maintenance of the wheel-
track system. However, it should be noted hear that the model is presently limited to 
vertical loading analysis of track structure. In order to include lateral (i.e. horizontal) 
loading, a more detailed model needs to be developed.  
3.4 PARAMETRIC STUDY 
The parametric study is to examine the influence of important model 
parameters on the peak of impact force. The selected parameters are the wheel flat 
size, static wheel load and vehicle speed, because the data generation for statistical 
analyses in next chapter are based on these three parameters. The study of influence 
of wheel flat sizes is to find the relationships between the peak of impact force and 
them, in order to provide an idea of generating samples for the statistical analyses. It 
uses the corresponded typical speeds and normal static loads for all types of vehicles. 
The study of influence of vehicle speed is to find the critical speed which induces the 
maximum peak of impact force. It uses unique wheel flat size and corresponded 
normal static loads for all types of vehicles. 
3.4.1 Effect of wheel flat size  
The peak impact forces for freight and medium speed passenger tracks have 
been obtained with seven different wheel flat sizes by DTrack simulation package, 
and the peak impact forces for high speed track have been obtained with five 
different (because of the flat size limit) wheel flat sizes by FE model simulation, as 
shown in Figure 3.27 These results are in accordance with the experience that the 
larger wheel flat size, the higher impact force. However, it should be pointed that the 
relationships are nonlinear. But the one for high speed track is closed to be linear. 
The possible reason is that the high speed track has the pre-subgrade layer which 
other two types of tracks have not, and this layer has a strong effect on reduce the 
impact force. 
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Figure 3.27 provides the information that the further statistical analyses should 
select at least 5 wheel flat sizes to generate the samples of peak impact forces to 
consider the nonlinearity of the relationships. 
 
(a) For freight wagon 
 
(b) For medium speed passenger carriage 
 
 (c) For high speed passenger carriage 
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3.4.2 Effect of vehicle speed 
Some studies on the influence of speed on wheel-rail impact forces due to 
wheel flat have been undertaken by (Newton & Clark, 1979) and (Dukkipati & 
Dong, 1999). They used both experimental and theoretical data to conclude that the 
relationship between peak of impact force and vehicle speed is nonlinear and the 
peak impact force may reach a maximum value and reduce since the wheel would fly 
over the flat at a very high speed.  
For RQTY freight wagon whose data was shown earlier in Fig.3.1b, the 
relationship has been obtained from DTrack simulation, as shown in Figure 3.28 (a), 
the impact force is monotonically increasing at the interval of 20-100km/h, the 
RQTY freight wagon normally travels at 80-100km/h (Leong, 2006). So, 100km/h is 
the critical speed of RQTY freight wagon for wheel-rail impact force.  
For medium speed Manchester passenger coach carriage, the relationship has 
been obtained from FE model simulation, as shown in Figure 3.28 (b), the impact 
force reaches the peak at 120km/h. So, 120km/h is the critical speed of Manchester 
passenger coach carriage for wheel-rail impact force. 
For high speed ICE2 passenger coach carriage, the relationship has been 
obtained from FE model simulation, as shown in Figure 3.28 (c), the impact force 
reaches the peak at 250km/h. So, 250km/h is the critical speed of the high speed 
ICE2 passenger coach carriage for wheel-rail impact force. 
Because the speed distribution is unavailable, only one speed can be used in the 
statistical method to generate samples of impact force. Therefore, the critical speeds 
should be used. 
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 (b) For medium speed passenger carriage 
 
 
(c) For high speed passenger carriage 
Figure 3.28 Effect of vehicle speed on wheel-rail impact force 
 
3.5 SUMMARY 
In this chapter, DTrack simulation model has been confirmed that it is a 
suitable tool for dynamic analyses for freight and medium speed passenger tracks.  
Three 3-D finite element models for analyses of the behaviour of railway track 
structures under impacts induced by wheel flats for heavy haul, medium passenger 
and high speed tracks have been developed. The FE model of heavy haul track was 
firstly validated by comparing its results with the results obtained by the DTrack 
simulation model and by theoretical analyses. It has been proven that the established 
FE models are valid and reliable for this research. The FE models can be the 
powerful tools for analysis of the dynamic properties of the wheel-track system, 
especially with wheel defects. But the developed FE models are limited to vertical 
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Through parametric study with DTrack and FE models of medium speed 
passenger and high speed track, the relationships between wheel-rail impact forces 
and wheel flat size, between wheel-rail impact force and static loads were found to 
be non-linear and monotonically increasing, which has provided a general idea to for 
generating the samples of impact forces. Also, the critical speeds that induce the 
maximum impact force with the same wheel flat sizes and static wheel loads for all 
types of tracks.  
In next chapter, the DTrack model are used to generate the samples of impact 
bending moments of sleepers for freight and medium speed passenger tracks, and the 
FE model of high speed track is used for generate the samples of impact bending 
moment of sleepers for high speed track. The generated samples of impact bending 
moment of sleepers are used for statistical analyses, in order to investigate the impact 
force distributions. 
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Chapter 4: Statistical analyses of sleeper bending 
moment under wheel-rail force on track 
4.1 INTRODUCTION 
As mentioned in Chapter 2, Section 2.5.3, to find the load factors for limit 
states design is based on reliability, which relates to probability theory. Therefore, 
the statistical method is required, and a number of samples are required for the 
analyses. This chapter illustrates that:  
1. To use the existing measured data from Braeside and Lara sites (Leong, 
2006) to find the means, standard deviations and coefficient of variations 
of the static load distributions for heavy haul and freight tracks, and derive 
those values for medium and high speed passenger tracks with statistical 
techniques for determination of static load factors in Chapter 6. The details 
are illustrated in Section 4.2. 
2. To use the existing measured data from Braeside to derive the impact 
load distribution for heavy haul track, and to use the FE model developed 
in Chapter 3 and DTrack simulation to generate adequate number of 
sleeper dynamic bending moments and to derive the distributions of 
sleeper dynamic bending moments induced by wheel-rail impact forces. It 
is illustrated in Section 4.3. 
3. To fit appropriate functions that can describe the distributions for 
determination of dynamic load factor in Chapter 6. The details are 
illustrated in Section 4.4. 
4.2 ANALYSIS OF SLEEPER STATIC BENDING MOMENT 
This section aims to derive the distributions of sleeper static bending moment 
for four categories of tracks. It contains the mean values, standard deviations and 
coefficient of variations, which are the important values for calibration of ultimate 
limit states design equations in Chapter 6 later.  
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4.2.1 Heavy haul track 
In previous work, the purpose for LSD of PC sleepers is mainly focussed on 
the heavy haul track. So, it is based on some data from the experiment of heavy haul 
track. The experiment data were obtained from the detector on track site over a 
period of a year. Full details of those track force measurements are provide in (Leong 
& Murray, 2008). In this case, the static axle loads measured data from Braeside 
Heavy Haul railway track over a year in Queensland which is from (Leong, 2006) 
was used as an example. 
The spreadsheet of data is the summary of force measurement on Braeside 
from 2005 to 2006. The data table from the spreadsheet is presented in Figure 4.1. 
The entire data is presented in Appendix A. 
 
Figure 4.1 The data of static load on Heavy Haul Line (the first and the second last 
column, table of ‘summary’) (Leong, 2006) 
 
To determine the eventual load factor for limit states design, the necessary 
numbers are mean value, standard deviation, specific number and coefficient of 
variation. 
From Figure 4.1, the mean value, standard deviation and coefficient of 
variation of static load can be calculated from the test data (the first and the second 
last columns) by using the formulas are expressed by: 
Æ|  ∑ Ç|È¸ÉÊË                                                     Eq. (4.1) KÇ¸  ∑ Ç|Ç¸¹ÌÄTÈ¸ÉÊ ËR                                          Eq. (4.2) 
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For calculating mean value of static load, the necessary data is only the static 
axle load while the wagons are full, because full wagons cause greater bending 
moment in the sleepers. The distribution of the static load is shown in Figure 4.2.
Obviously, the left part of Figure 4.2, which has 
distribution of empty wagons and the right part of Figure 4.2, which 
distributed, is the ful
solid bars because they represent single type of wagon on the Braeside line. 
for calculating the related values for static load, only the right part of 
is needed. 
Figure 4.2 Distribution of static 
 
According to the diagram, samples can be chosen from the range 15
more than 30t (>30t). The meth
and expressed by formula:
 
Where 
load, Ni is the number of 
second last column in Figure 4.1 
is L(mean)=25.3t (axle load), 
-rail force on track
Í|  PÎ¸Ç¸¹ÌÄT                                                            
huge number of wheels, is the 
l wagons static load distribution. The only consideration is the 
axle load of Braeside Heavy Haul railway line in 
2005/06 (Leong, 2006) 
od of calculating mean value is based on Eq. (4.1) 
 
y  ∑ '|ÏË|È¸ÉÊ∑ Ë|                                                
 is the mean value of static load in Figure 4.1; 
i-th static load occurrence. Substitute the data 
into Eq. (4.4), obtain the mean value of static load 











Li is the i-th static 
from the 
-rail force). 
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The standard deviation σ
Figure 4.1, the formula is expressed 
K'
 
Substitute relevant data to Eq. (4.
as =9.9t (axle load), which 
The mean value and standard deviation of static bending moment in the 
sleepers beneath the wheels can be obtained
and standard deviation of loads on top of sleeper transferred from static axle load. It 
can be calculated by sleeper spacing according to Eq. (2.13). The sleeper spacing of 
heavy haul Braeside line is 685mm (Leong, 2
standard deviation of static bending moment are 6.8kNm and 2.6kNm respectively.
The result of the coefficient of variation
standard deviation of the wheel
4.2.2  Freight track 
The distribution of RQTY freight wagon static load per axle is derived from 
measured at the test site recorded in (Leong, 2006)
shown in Figure 4.3. It is also normally distributed.
Figure 4.3 The distribution of static load of RQTY freight wagon
 
According to the measured data which is presented in 
be substituted into Eq. (4.4) and (4.
and the standard deviation is 4.3t 
ding moment under wheel-rail force on track
L can be calculated based on Eq. (4.2) from the data in 
by: 
 ∑ Ë|'|'¹ÌÄTÈ¸ÉÊ ∑ Ë|R                                      
5), the result of standard deviation is achieved 
converted to a force is 48.4kN (wheel-rail force). 
 by Eq. (3.15) with the values of mean 
006). Therefore, the achieved mean and 
 is calculated with the mean and 
-rail forces by Eq. (4.3), which is  =0.38.
 with detail (Appendix A).
 
 (Leong, 2006)
Figure 4.3 and 
5), the mean value of wheel-rail force is 18.2t,
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bending moment are calculated as same as the heavy haul track by Eq. (3.17) with 
the sleeper spacing of 680mm (Leong, 2006), and the results are 7.8kNm and 
1.8kNm respectively. The coefficient of variation is calculated as 0.24. 
4.2.3 Medium speed passenger track 
Because the measured data of static axle load for a medium speed passenger 
track from a real site is unavailable, the distribution cannot be directly obtained. 
However, according to the measured data of Braeside (heavy haul coal wagon) and 
Lara (RQTY freight wagon) lines sites, the static axle loads can be reasonably 
assumed to be normally distributed. According to the parameters of Manchester 
passenger coach carriage recorded in (Iwniki, 1998), the mean and nominal 
maximum axle load are 11t and 15t respectively. The standard distribution can be 
estimated from an equation that describes the relationship between maximum load 
and mean load suggested by (ACI Committee, 318) which is expressed by: 
yj  y I vK                                                   Eq. (4.6) 
Where, Lmax and Lmean are the maximum and mean value of static load 
respectively, the maximum static load is normally nominated in design; n is the 
specific factor. By observing the measured data from both the Braeside and Lara 
sites, their nominal maximum loads are all approximately higher than the mean loads 
by about 1.65 times of standard deviations, which means n=1.65. Therefore, 
assuming it applies to all categories of tracks, the standard deviation of the 
Manchester coach would be 2.5t. The sleeper spacing of Manchester coach track is 
610mm (Steffens, 2005). Hence, the sleeper static bending moment of mean and 
standard deviation are 3.9kNm and 0.9kNm respectively and the coefficient of 
variation is 0.23. 
4.2.4 High speed passenger track 
In the same way as for the Manchester medium speed passenger track, there is 
no measured static wheel load distribution data publicly available from site for a high 
speed passenger carriage. However, the mean and nominated axle loads of ICE2 high 
speed train are available in (Wang, 2007), which are 14.2t and 19.5t respectively. 
The sleeper spacing of the line is 600mm (Zhang, 2009). Because the high speed and 
medium speed passenger trains likely have similar properties and characteristics, 
thus, assuming that they have the same coefficient of variation is reasonable. Then, 
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apply the coefficient of variation value of 0.23 to high speed passenger car. The 
obtained standard deviation of axle load is 3.2t. The sleeper static bending moment 
of mean and standard deviation are 5.2kNm and 1.2kNm respectively. 
4.3 ANALYSIS OF SLEEPER DYNAMIC BENDING MOMENT FROM 
SIMULATIONS 
The dynamic load component of limit states design of prestressed concrete 
sleepers is based on the sleeper dynamic bending moment. The simulations of both 
DTrack and FE model have provided the sleeper dynamic bending moments under 
wheel-rail impacts. Based on those simulation results, this section aims to find the 
relationships between the sleeper dynamic bending moment and wheel flat size, and 
between the sleeper dynamic bending moment and static axle load, in order to 
generate adequate sleeper dynamic bending moment samples for further analyses. 
4.3.1 Freight track 
Dynamic bending moments of freight track have been derived from DTrack 
simulation based on the parameters presented in Table 3.1, 3.2 and 3.3. Different 
wheel flat sizes and static axle loads were used in the simulations, in order to find the 
expected relationships between number of axles occurrence per year and sleeper 
dynamic bending moment. 
4.3.1.1 Sleeper bending moment relationships analysis 
To ensure the estimated values cover an adequate range of loads, the upper 
range of static load chosen was a maximum allowed static axle load value of 25t. 
According to the mean of RQTY wagon axle load of 18t (Leong, 2006), the 
minimum value of axle load has been chosen as 11t, which is symmetric to the 
maximum value 25t about the mean value of 18t; the load step was chosen as 3.5t 
that divides the range into 4 equal intervals; to ensure the results is as more 
appropriate as possible, the range of flat size has chosen from 10mm to 80mm with a 
step of 10mm. The vehicle speed is chosen as 100km/h which is the typical speed of 
freight train as investigated in Chapter 3. These obtained values are used for the 
analysis. 
The relationships between sleeper bending moment and static axle load with 
different wheel flat sizes are obtained from DTrack simulation results, as presented 
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in Figure 4.4. Because they strongly approach to straight lines, they all can be 
approximately treated as linear relationships. 
To estimate the sleeper dynamic bending moment at the rail seat for each 
particular static axle load and wheel flat size, the regression lines shown in Figure 
4.4 should be described by functions. The following section will illustrate that. 
 
Figure 4.4 Relationship between sleeper dynamic bending moment and static axle 
load with different wheel flat sizes of freight track from DTrack simulations 
 
4.3.1.2 Relationship functions development 
Observing those relationships with different wheel flat sizes, recognising that 
the larger wheel flat sizes, the higher sleeper dynamic bending moment coefficient 
(slopes of the lines). Obviously, the 80mm flat one has the highest slope and 10mm 
one has the lowest slope. The obtained coefficients are presented in Table 4.1, and 
the relationship between sleeper dynamic bending moment coefficient and wheel flat 
size is shown in Figure 4.5.  
 
Table 4.1 Coefficient of sleeper dynamic bending moment values against wheel flat 
size for freight track 
Wheel flat, mm 10 20 30 40 50 60 70 80 
Coefficient 
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Figure 4.5 Relationship between sleeper dynamic bending moment coefficient and 
wheel flat size 
 
The shape of relationships between sleeper dynamic bending moment at rail 
seat and static axle load has been found, using a function to describe to the 
relationship is necessarily to estimate the impact forces induced by different static 
axle loads and wheel flat sizes.   
The relationship is nonlinearly monotonically increasing by increasing the 
wheel flat size, according to the shape trend. It can be approximately fitted by a 
second order regression curve. The regression curve function is expressed in Eq. 
(4.7). This regression curve has a coefficient of determination r2 with value of 0.9871 
(the closer r2 to 1, the better the fit), which means the error does not significantly 
affect the fitted results. 
±1  +0.00004m0 I 0.0139m + 0.0801                    Eq. (4.7) 
Where, y1 represents the sleeper dynamic bending moment coefficient for 
freight track; x represents the wheel flat size on RQTY freight wagon wheel. Also, as 
shown in Figure 4.4, those regression lines have different values of sleeper dynamic 
bending moment corresponding to the horizontal axis where x=11t. To fully describe 
those regression lines, those different values of bending moments on the axle of 
x=11t should be applied to the regression lines for each wheel flat size as intercepts. 
As shown in Figure 4.4, the values can be obtained from the left end points of those 
lines. The obtained intercept values are presented in Table 4.2. The relationship 
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Table 4.2 Intercept values against wheel flat size for freight train 
Wheel flat, mm 10 20 30 40 50 60 70 80 
Sleeper bending 
moment, kNm 1.3 3.3 5.7 7.4 8.5 9.9 11.7 13.5 
 
 
Figure 4.6 Relationship between sleeper dynamic bending moment at axle load of 11t 
and wheel flat size 
 
Similar to the relationship between sleeper dynamic bending moment 
coefficient and wheel flat size, this relationship is also nonlinearly monotonically 
increasing by increasing the wheel flat size, according to the shape of the trend, a 
second order curve can approximately fit that. The fitted curve function is expressed 
in Eq. (4.8). This fitted curve has a coefficient of determination with value of 0.9944. 
±2  +0.0004m0 I 0.208m + 0.5671                          Eq. (4.8) 
Where, y2 represents the sleeper bending moment at rail seat at 11t axle load, x 
represents the wheel flat size. Back to the relationship between the sleeper dynamic 
bending moment at rail seat and static axle load, the regression lines’ functions can 
be derived through y1 and y2, as expressed by: 
±  ±1 Ï my I ±2                                                      Eq. (4.9) 
Eventually, the regression lines which represent the relationships between 
sleeper dynamic bending moment and wheel flat size are fully expressed. This aims 
to generate sleeper dynamic bending moment samples in the proposed range for the 
further statistical analysis of sleeper dynamic bending moment distribution. 
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4.3.1.3 Validation of the developed function 
To ensure whether the fitted regression curve is suitable for further analysis of 
sleeper dynamic bending moment distribution, there must be a group of data that 
from the DTrack simulation to be used for comparison with the values that calculated 
by the regression curve. For a specific case, choosing the static load as 78t (DTrack 
default) which is 19.5t axle load; the typical speed of 100km/h and a group of wheel 
flat sizes which from 10 to 80mm by 5mm interval. Using the regression curve to 
calculate the values of sleeper dynamic bending moment at rail seat and compare 
with the results from DTrack simulation, as shown in Figure 4.7. The comparison 
shows that the results calculated from the above regression curve analyses are well 
correlated with the results from DTrack simulation with an error of 3.2%, showing 
that the regression curve approximations for determining sleeper dynamic bending 
moment from wheel flat size are reasonably accurate. 
 
Figure 4.7 Comparison of the calculated results from regression curve with the 
results from DTrack simulation for freight track 
4.3.2 Medium speed passenger track 
As analysed in previous section, the regression curve fitting for the 
relationships between sleeper dynamic bending moment at rail seat and wheel flat 
size, and between sleeper bending moment at rail seat and static axle load is a 
reasonable method to estimate the sleeper dynamic bending moment at rail seat and 
generate samples for impact analyses. For the medium speed passenger track, there is 
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the absence of any other means for determining the necessary parameters for limit 
states design factors, the method applied to freight track will be applied to the 
medium speed passenger track. 
For this analysis, the selected vehicle is the Manchester passenger coach 
carriage, and the track has been chosen to be a standard gauge supported by concrete 
sleepers with a medium stiffness track bed as described in Chapter 3. 
4.3.2.1 Sleeper dynamic bending moment relationships analysis 
In the same way as with the freight track, to ensure the estimated values are 
accurate, the upper range of static axle load has been chosen, this time with the 
maximum allowed static axle load value of 15t. According to the mean of 
Manchester passenger coach carriage, which is 11t (Iwniki, 1998), the minimum 
value of axle load was chosen to be 7t, which is symmetric to the maximum value 
15t around the mean value of 11t; the load interval was chosen as 0.5t and the flat 
size range from 10mm to 80mm with size interval of 10mm, in order to generate an 
adequate number of samples. The vehicle speed is 120km/h which is the typical 
speed investigated in Chapter 3, Section 3.5. 
The relationships between sleeper dynamic bending moment at rail seat and 
static axle load; and between bending moment at rail seat and different wheel flat 
sizes are obtained from DTrack simulation results, as presented in Figure 4.8. Figure 
4.8 shows that, the relationships strongly approach to straight lines; thus they are all 
also treated using linear regressions. 
For the medium speed passenger train, the relationships between sleeper 
bending moment coefficient and static axle load, and between sleeper bending 
moment and wheel flat size should be different to freight track, which means the 
function derived for freight track cannot be used for medium speed passenger track. 
Thus, using the same method to develop functions for medium speed passenger track 
is necessary. 
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Figure 4.8 Relationship between sleeper dynamic bending moment at rail seat and 
static axle load of medium speed passenger track with different wheel flat sizes from 
DTrack simulation 
 
4.3.2.2 Relationship functions development 
By observing the relationships with different wheel flat sizes, that the larger 
wheel flat size, the greater sleeper dynamic bending moment coefficient, which is 
same as the freight track in previous section. Obviously, the 80mm flat one has the 
greatest slope and 10mm one has the lowest slope. The obtained coefficients are 
presented in Table 4.3, and the relationship between sleeper dynamic bending 
moment coefficient and wheel flat size is shown in Figure 4.9. Listed flat sizes are 
from 10mm to 80mm. Obviously, this relationship likely can be treated as a second 
order curve. 
Table 4.3 Coefficient of sleeper dynamic bending moment values against wheel flat 
size for medium speed passenger track 
Wheel flat, mm 10 20 30 40 50 60 70 80 
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Figure 4.9 Relationship between sleeper dynamic bending moment coefficient and 
wheel flat size 
 
The relationship is nonlinearly monotonically increasing by increasing the 
wheel flat size. According to the shape of the trend, a second order regression curve 
can approximately fit that. The regression curve function is expressed in Eq. (4.10). 
This regression curve has a coefficient of determination r2 with value of 0.9863. 
±1  +0.0001m0 I 0.0238x + 0.1809                          Eq. (4.10) 
Where, y1 represents the sleeper bending moment coefficient for Manchester 
medium speed passenger track; x represents the wheel flat size on the wheel of 
Manchester passenger coach carriage. Also, as shown in Figure 4.10, those 
regression lines have different intercepts on the axis of x=7t, Same as freight track, 
those values of bending moments on the axle of x=7t should be applied to the 
regression lines for each wheel flat size as intercepts. As shown in Figure 4.8, the 
intercepts can be obtained from the left end points of those lines. The obtained 
intercepts are presented in Table 4.4. The relationship is shown in Figure 4.10. 
 
Table 4.4 Sleeper dynamic bending moment at the axle load of 7t against wheel flat 
size for medium speed passenger train 
Wheel flat, mm 10 20 30 40 50 60 70 80 
Sleeper bending 
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Figure 4.10 Relationship between sleeper bending moment at rail seat at axle load of 
7t and wheel flat size 
 
This relationship is also nonlinearly monotonically increasing by increasing the 
wheel flat size. The shape of the relationship trend is closed to a second order curve. 
Thus, the regression is fitted as a second order function which is expressed by Eq. 
(4.11). This fitted function has a coefficient of determination with value of 0.998, 
which is very closed to 1. 
±2  +0.001m0 I 0.1817m + 0.8061                     Eq. (4.11) 
Where, y2 represents the sleeper bending moment at rail seat at 7t axle load for 
Manchester passenger coach track; x represents the wheel flat size on the wheel of 
Manchester passenger coach carriage. Back to the relationship between the sleeper 
dynamic bending moment ybm at rail seat and static axle load xL, the function of 
regression lines can be derived through y1 and y2 by Eq. (4.9). 
Same as the freight track analysis, this aims to generate sleeper dynamic 
bending moment samples in the proposed range for the further statistical analysis of 
sleeper bending moment distribution of medium speed passenger track. 
 
4.3.2.3 Validation of the developed function 
For this specific case, that chosen the situation with 44.5t total mass (DTrack 
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sizes that from 10 to 80mm by 5mm step. The results from regression function are 
compared with the simulation results from DTrack, as shown in Figure 4.11. This 
comparison shows that the results calculated from the above regression curve 
analyses with the results from DTrack simulation with an error of 3.5%, showing that 
the regression curve approximations for determining sleeper dynamic bending 
moment from wheel flat size are reasonably accurate. 
 
Figure 4.11 Comparison of the calculated results from regression curve with the 
results from DTrack simulation for medium speed passenger track 
 
4.3.3 High speed passenger track 
In Section 4.3.1 and 4.3.2, the analyses of both freight and medium speed 
passenger tracks illustrated that each type of train has different relationships between 
sleeper dynamic bending moment at rail seat and static axle load. So, the high speed 
passenger track should have a special relationship that is different to both of those 
two types of tracks. However, there is no measured data of wheel-rail impact force 
publicly available for high speed track either. The speeds of high speed trains 
normally exceed 200km/h. As mentioned in (Steffens, 2005), the samples generated 
from DTrack are only reliable for under the speed of 120km/h. Therefore, the FE 
model simulation is used for this case. The FE model of high speed track has been 
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Because the FEA has a long term process for one simulation, the analyses is 
based on 25 sample results from FE model simulation, and then the same method is 
applied to the high speed passenger train as that which was applied to both freight 
and medium speed passenger track. 
As discussed in chapter 1, for this analysis, the selected vehicle is the German 
ICE2 high speed train, and track is with standard gauge that supported by concrete 
sleepers and special ballast bed different to others, which exist and under service in 
Germany for many years. The necessary parameters for this case were presented in 
Chapter 3, Section 3.3.2. 
4.3.3.1 Sleeper dynamic bending moment relationships analysis 
In the same way as the previous analysed two types of tracks, to ensure the 
estimated values are accurate, the upper range of static axle load was chosen as the 
maximum allowed static axle load value of 19.5t,. According to the mean of ICE2 
high speed passenger coach carriage, which is 14.2t (Wang, 2007), the lower range 
of static axle load is 8.9t, which is symmetric to the maximum value 19.5t around the 
mean value of 14.2t; the load interval has also chosen as 0.5t and the flat size range is 
from 10mm to 50mm with size interval of 10mm, because the allowed maximum 
wheel flat size to high speed trains is 50mm (Wang, 2007). The vehicle speed is 
250km/h which is the typical speed of high speed trains.  
The relationships between sleeper dynamic bending moment at rail seat and 
static axle load, and between sleeper dynamic bending moment at rail seat and 
different wheel flat sizes are obtained from FE model simulation results, as presented 
in Figure 4.12. The relationships also strongly approach to straight lines, so linear 
regressions are also can be applied. 
For the high speed passenger track, the relationships between sleeper dynamic 
bending moment coefficient and static axle load; and between sleeper bending 
moment and wheel flat size should be different to both of other two types of tracks. 
Therefore, in the analysis, the same method is applied to fit the functions for high 
speed passenger track. 
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Figure 4.12 Relationship between sleeper dynamic bending moment at rail seat and 
static axle load with different wheel flat sizes for high speed track, from the FEM 
analyses presented earlier in Chapter 3 
  
4.3.3.2 Relationship functions development 
By observing the relationships with different wheel flat sizes, that the larger 
wheel flat size, the greater sleeper dynamic bending moment coefficient, the 50mm 
flat one has the greatest slope and 10mm one has the lowest slope. The obtained 
coefficients are presented in Table 4.5, and the relationship between sleeper dynamic 
bending moment coefficient and wheel flat size is shown in Figure 4.13.  
 
Table 4.5 Coefficient of sleeper dynamic bending moment values against wheel flat 
size for high speed passenger track 
Wheel flat, mm 10 20 30 40 50 60 70 80 
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Figure 4.13 Relationship between sleeper dynamic bending moment coefficient and 
wheel flat size 
 
The relationship is nonlinearly and monotonically increasing by increasing the 
wheel flat size, according to the shape of the trend, a second order regression curve 
can approximately fit. The regression curve function is expressed by Eq. (4.12). This 
regression curve has a coefficient of determination r2 with value of 0.9778. 
±1  0.0002m0 + 0.0016x + 0.2741                         Eq. (4.12) 
Where, y1 represents the sleeper dynamic bending moment coefficient for 
ICE2 high speed passenger track; x represents the wheel flat size on the wheel of 
ICE2 high speed passenger coach carriage. Also, as shown in Figure 4.12, those 
regression lines have different intercept values on the axis of x= 8.9t. Same as freight 
and medium speed passenger tracks, the different values of sleeper dynamic bending 
moments on the axle of x=8.9t should be applied to the regression lines for each 
wheel flat size as intercepts. As shown in Figure 4.12, the intercepts can be obtained 
from the left end points of those lines. The obtained intercepts are presented in Table 
4.6. The relationship diagram is shown in Figure 4.14. 
Table 4.6 Sleeper dynamic bending moment at the axle load of 7t against wheel flat 
size for medium speed passenger train 
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Figure 4.14 Relationship between sleeper dynamic bending moment at rail seat at 
axle load of 8.9t and wheel flat size 
 
This relationship is also nonlinearly monotonically increasing by increasing the 
wheel flat size. The shape of the relationship trend is very closed to a second order 
curve. Thus, the regression is fitted as a second order function which is expressed by 
Eq. (4.13). This fitted function has a coefficient of determination with value of 
0.9989. 
±2  0.0004m0 I 0.0503m I 2.472                            Eq. (4.13) 
Where, y2 represents the sleeper dynamic bending moment at rail seat at 8.9t 
axle load for ICE2 high speed passenger track; x represents the wheel flat size on the 
wheel of Manchester passenger coach carriage. Back to the relationships between the 
sleeper dynamic bending moment at rail seat and static axle load, the functions of 
regression lines can be derived through y1 and y2 by Eq. (4.9). 
It is same as the both freight and medium speed passenger track analysis. This 
aims to generate sleeper dynamic bending moment samples in the proposed range for 
the further statistical analysis of sleeper dynamic bending moment distribution of 
high speed passenger track. 
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4.3.3.3 Validation of the developed function 
For this specific case, that chosen the situation with 18t axle load (random), the 
250km/h speed and a group of wheel flat sizes that from 10 to 50mm with interval of 
5mm. The results from regression function are compared with the simulation results 
from FE model, as shown in Figure 4.15. This comparison shows that the results 
calculated from the above regression curve analyses with the results from FEM 
model simulation with an error of 4.3%, showing that the regression curve 
approximations for determining sleeper dynamic bending moment from wheel flat 
size are reasonably accurate. 
 
Figure 4.15 Comparison of the calculated results from regression curve with the 
results from FE model simulation for medium speed passenger track 
  
4.4 RELATIONSHIP CURVE FITTING OF SLEEPER DYNAMIC 
BENDING MOMENT 
Numbers of sleeper dynamic bending moments have been generated in 
previous sections using appropriate methods. Each of the sleeper dynamic bending 
moments will have a probability of occurrence during the lifetime of the sleeper; 
smaller impact loads will probably occur more frequently, much larger impact loads 
less frequently, as observed by (Leong, 2006). Therefore, the sleeper dynamic 
bending moments should have distributions of probability of occurrence, and 
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described by appropriate functions. This section will illustrate how to derive the 
appropriate functions for the sleeper dynamic bending moment distributions.  
4.4.1 General methodology  
In previous work, numbers of sleeper dynamic bending moments 
corresponding to the different static axle loads and wheel flat sizes were generated. 
However, the probability of occurrence of each sleeper dynamic bending moment 
has not been found. According to the theory of probability, each static axle load, 
wheel flat size and vehicle speed should have a probability of occurrence, and the 
sleeper dynamic bending moment is related to static load, wheel flat size and vehicle 
speed. Hence, the sleeper dynamic bending moment probability can be derived 
through the probabilities of occurrence of static axle loads, wheel flat sizes and 
vehicle speeds.  
However, the vehicle speed distributions are currently unavailable for the 
tracks being studied here, so single speeds are applied to them. The single speeds are 
the typical speeds of each type of vehicle on tracks as discussed in Chapter 3, Section 
3.5. Therefore, the considered components are only the static axle load and wheel flat 
size. 
According to the previous work, the relationship between probability of 
occurrence and sleeper dynamic bending moment, an appropriate curve function can 
be fitted and used for predicting the sleeper dynamic bending moment corresponding 
to any force with a specified probability of occurrence. 
From an analysis of measured wheel-rail impact force from the Braeside heavy 
haul line data (Dean, 2010), the Weibull function was found to fit the distribution 
curve of wheel-rail impact forces best. However, for other three types of tracks, the 
distributions of sleeper dynamic bending moments need to be found. There is no 
measured data available from site which can be used to derive the distribution of 
sleeper dynamic bending moment. Nevertheless, the sleeper dynamic bending 
moments were generated by simulations, and the simulations can provide the 
relationship between sleeper dynamic bending moment and wheel-rail impact force, 
and those relationships are shown to close to linear  Therefore, the sleeper dynamic 
bending moments can be assumed as complying with Weibull distribution (for 
detailed illustration, see Appendix F). 
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For the other three types of tracks, Weibull distributions will also be applied. 
The reasons are: 
1. The analyses have small data sets and they need to be provided good 
models to create a wide variety of data sets, which is one of the most 
important advantages of Weibull distribution.  
2. The analysis of impact on sleepers is strongly related to the reliability 
analysis of the sleepers, which the Weibull distribution has become widely 
used in engineering reliability analysis. 
3. According to the similarities of principles of all track vehicles, the 
induced sleeper dynamic bending moment should comply with the similar 
distributions for all types of tracks. 
4.4.2 Analysis of static axle load probability 
As discussed above, two components are considered to derive the probabilities 
of occurrence of sleeper dynamic bending moments from the probability of static 
wheel-rail forces, namely the static axle load and wheel flat size. According to the 
analyses in Section 4.2, the static axle load complies with the normal distribution, so 
the probability of each static axle load can be derived from the probability density of 
normal distribution which is expressed by: 
#m  √0P rsbt¹ÌÄTÓ                                                  Eq. (4.14) 
In the equation, x is the random static load and σ is the standard deviation. The 
probability of each static load relies on the interval KL between two different load 
values.  Replace x with the specified static axle load value L, and multiply the 
interval KL, obtained the function of probability of static axle load which is expressed 
by: 
y  √0P rtbt¹ÌÄTÓ '                                             Eq. (4.15) 
4.4.2.1 Freight wagon 
According to the analysis results in Section 4.2.2, the mean of static wheel load 
of the RQTY freight wagon is 18.2t and standard deviation is 4.3t. Substitute the 
values in to Eq. (4.15), the probability of static axle load of RQTY freight wagon is 
expressed by:  
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y  √].Ô^ rtbÊe.nÕ.Öe '                                                Eq. (4.16) 
4.4.2.2 Medium speed passenger carriage 
The mean and standard deviation of distribution for Manchester coach carriage 
can be found in Section 4.3.1.2, which are 11.12t and 2.5t respectively. Substitute the 
values into Eq. (4.15), the probability of static axle load of Manchester coach 
carriage is expressed by:  
y  √0.× rtbÊÊ.ÊÊ.d '                                               Eq. (4.17) 
4.4.2.3 High speed passenger carriage 
As discussed in Section 4.2, the mean of distribution for ICE2 high speed 
coach carriage is 14.2t, the standard deviation has been calculated, which is 3.2t. The 
load interval is 0.5kN that obtained from Section 4.2, so KL=0.5. The expression of 
probability of static axle load of ICE2 high speed coach carriage is expressed:  
y  L.×√0L.^ rtbÊh.c.he '                                              Eq. (4.18) 
4.4.3 Probability derivation of wheel flat size from impact force distribution 
The writer has not been able to find any publicly available distribution of 
wheel flat sizes for trains of any sort. However, assuming the impact force is induced 
only by wheel flats, the wheel flat size probability can be approximately found 
through the relationship between impact force and wheel flat sizes established 
earlier. Therefore, the probability of wheel flat size will be derived from the Weibull 
function of impact force on heavy haul track in (Dean, 2010) which is expressed by:  
m  .]ÔjR]L.L^c.ÕnÖÔ^.LØ rml Ù+ /jR]L.L^ÔL.×^ 1.]ÔÚ            Eq. (4.19) 
Where, x represents the impact force on heavy haul track. This function 
represents the probability density of occurrence of impact force on the Braeside 
heavy haul track, the probability of impact force is obtained by product of probability 
density and force interval of 10kN. 
The relationship between wheel flat size and impact force were obtained 
through results from the DTrack simulation. Various wheel flat sizes were applied in 
the simulations to generate impact forces with the parameters of heavy haul track 
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(Leong, 2006). The results are shown in Table 4.7. Eventually, the relationship 
between wheel flat size and impact force can be approximately plotted, which is 
presented in Figure 4.16.  
Table 4.7 The results of impact force corresponding to the wheel flat size 
*w/f, mm 10 15 20 25 30 35 40 45 
*i/f, kN 29 58.5 93.9 115 132.9 152.3 165.8 188.2 
   
          (Continue) 
*w/f, mm 50 55 60 65 70 75 80 
*i/f, kN 215.4 266.8 298.3 345.7 411.8 469.9 513.1 
(*w/f – wheel flat; i/f – incremental wheel-rail impact force) 
 
Figure 4.16 The relationship between wheel-rail impact force and wheel flat size 
 
Substituting the corresponded impact force values to the wheel flat sizes to Eq. 
(4.19), the probabilities of each wheel flat size over a year can be obtained (for 
details see Appendix B). The probabilities of all sampled wheel flat sizes are 
presented in Table 4.8 and the relationship between the probability of occurrence and 
wheel flat size is presented in Figure 4.17. 
Table 4.8 The probabilities of occurrence of sampled wheel flat sizes 
*w/f, mm 10 15 20 25 30 35 40 
*P/O 3.39e-2 1.69e-2 6.33e-3 3.32e-3 1.86e-3 9.54e-4 5.88e-4 
 
(Continue) 
*w/f, mm 45 50 55 60 65 70 75 80 
*P/O 2.54e-4 8.66e-5 9.56e-6 2.23e-6 2.17e-7 6.42e-9 2.26e-10 1.63e-11 
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Figure 4.17 The relationship between probability of occurrence over a year and 
wheel flat size 
 
In reality, the wheel flat mechanisms and the reasons of occurrence are similar 
in all types of rolling stocks. Furthermore, according to the impact load history in 
RailCorp network (Kaewunruen, 2011), the impact force distribution shapes of 
rolling stocks (the heavy haul and freight wagons) and locomotives (the passenger 
coach) are very closed to each other. That means the distribution shapes of impact 
force induced by all types of vehicles can be assumed as all the same. As illustrated 
in (Dean, 2010), the impact load distribution has been obtained for heavy haul track 
as Weibull distribution, therefore the impact load distributions of the freight wagon, 
medium passenger and high speed passenger coaches can be reasonably assumed as 
Weibull distributions.  
4.4.4 Distribution analyses of sleeper dynamic bending moment 
As analysed previously, the sleeper dynamic bending moment is related to the 
static axle load and wheel flat size. So, its probability can be derived by the 
probabilities of static axle load and wheel flat size. This section will derive the 
distributions of sleeper dynamic bending moment for freight, medium speed 
passenger and high speed passenger tracks. 
4.4.4.1 Distribution of sleeper dynamic bending moment for freight track 
To ensure the adequacy of the number of samples in this analysis, 5 static axle 
loads are not enough for distribution analyses (Dodson, 2006). If to expand the 
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loads would be adequate for the distribution analysis later this chapter. That means 
the static axle load range is from 11t to 25t with interval of 1t.  
The probability of static axle load can be calculated by Eq. (4.16), here, 
substituting the load values in the proposed range the probabilities of each static axle 
load values are listed in Table 4.9.  
Table 4.9 The probability of the static load of freight train 
*S/L, 
tonne 11 12 13 14 15 16 17 18 
*P/O 0.023 0.033 0.045 0.058 0.070 0.081 0.089 0.093 
 
(Continue) 
*S/L, tonne 19 20 21 22 23 24 25 
*P/O 0.091 0.085 0.075 0.063 0.050 0.037 0.027 
(*S/L – static axle load; P/O – probability of occurrence) 
 
The probability of occurrence of wheel flat size is applied by the values that 
presented in Table 4.8. If converting the Table 4.8 and 4.9 into matrices, which are 
expressed by Eq. (4.20) (a) and (b) respectively, then the probability of each impact 
bending moment value can be calculated: 
ÛÜÝÞß  )3.39r + 2 1.69r + 2 6.33r + 3 3.32r + 3 1.86r + 3 9.54r + 4  5.88r + 4 2.54r +4 8.66r + 5 9.56r + 6 2.23r + 6 2.17r + 7 6.42r + 9 2.26r + 10 1.63r + 112      (a) 
 )Üàá2 )0.023 0.033 0.045 0.058 0.070 0.081 0.089 0.093 0.091 0.085 0.075 0.063 0.050 0.037 0.0272         
(b) 
Eq. (4.20) )Üâã2  )ÜÝÞ2ä å )Üàá2                                          Eq. (4.21) 
 
Where, the [Pwf] is the matrix of probability of occurrence of wheel flat size, it 
is a 1x15 matrix in which the elements are the probability values corresponding to 
the wheel flat sizes which from 10mm to 80mm by interval of 5mm; [Psl] is the 
matrix of probability of static axle load, it is a 1x15 matrix in which the elements are 
the probability values corresponding to the load values which from 11t to 25t by 
interval of 1t. The result is a 15x15 matrix. For the tables of the generated sleeper 
dynamic bending moment samples and corresponded probabilities, see Appendix 
D.1. Grouping the data by interval of 1kNm, the achieved distribution of probability 
of occurrence against sleeper dynamic bending moment is shown in Figure 4.18.   
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Figure 4.18 The distribution of probability of occurrence over a year of sleeper 
dynamic bending moment for freight track 
 
4.4.4.2 Distribution of sleeper dynamic bending moment for medium speed 
passenger track 
As same as the freight track, 5 static axle loads are not enough for distribution 
analyses of sleeper dynamic bending moment of medium speed passenger track. 
Here expand the number of static wheel axle loads into four time, the number of 
samples of static axle loads would be adequate for the distribution analysis later this 
chapter. The domain of the static axle load range is from 7t to 15t with interval of 
0.5t. 
Using the load values in the nominated range, the probabilities of each static 
axle load values are presented in Table 4.10.  
Table 4.10 The probability of the static load of freight train 
*S/L, ton 7 7.5 8 8.5 9 9.5 10 10.5 
*P/O 0.021 0.028 0.037 0.046 0.056 0.065 0.072 0.077 
 
(Continue) 
*S/L, ton 11 11.5 12 12.5 13 13.5 14 14.5 15 
*P/O 0.08 0.079 0.075 0.069 0.06 0.051 0.041 0.032 0.024 
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As applied to the freight track, convert Table 4.10 into matrix as expressed by 
Eq. (4.22), the matrix of probability of occurrence of wheel flat size is same as Eq. 
(4.20) (a). Substituting Eq. (4.20) (a) and Eq. (4.22) into Eq. (4.21) to achieve the 
results. 
)Üàá2  )0.021 0.028 0.037 0.046 0.056 0.065 0.072 0.077 0.08 0.079 0.075 0.069 0.06 0.051 0.041 0.032 0.0242       
Eq. (4.22) 
For the tables of the generated bending moment samples and corresponded 
probabilities, see Appendix D.2. Same as for freight track, grouping the data by 
interval 1, the achieved distribution of probability of occurrence against sleeper 
dynamic bending moment is shown in Figure 4.19.   
 
Figure 4.19 The distribution of probability of occurrence of sleeper dynamic bending 
moment for medium speed passenger track 
 
4.4.4.3 Distribution of sleeper dynamic bending moment for high speed passenger 
track  
The high speed track is also the same as the previous two types of tracks, 5 
static axle loads are not enough for distribution analyses of sleeper dynamic bending 
moment of high speed track. Here expanding the number of static wheel axle loads 
into four time, the number of samples of static axle loads would be adequate for the 
distribution analysis later this chapter. The domain of the static axle load range is 
from 9t (approx. to 8.9t) to 19.5t with interval of 0.5t. 
Using the load values in the nominated range, the probabilities of each static 
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Table 4.11 The probability of the static load of freight train 
*S/L, 
ton 
9 9.5 10 10.5 11 11.5 12 12.5 13 13.5 14 





14.5 15 15.5 16 16.5 17 17.5 18 18.5 19 19.5 
*P/O 0.062 0.06 0.057 0.053 0.048 0.043 0.037 0.031 0.025 0..02 0.016 
(*S/L – static load; P/O – probability of occurrence) 
 
As applied to the freight track, convert Table 4.11 into matrix as expressed by 
Eq. (4.23), the matrix of probability of occurrence of wheel flat size is same as Eq. 
(4.20) (a). Substitute Eq. (4.20) (a) and Eq. (4.23) into Eq. (4.21), the result is shown 
in Figure 4.20. 
)Üàá2 )0.017 0.021 0.026 0.032 0.038 0.044 0.049 0.054 0.058 0.061 0.062 0.062 0.06 0.057 0.053 0.048 0.043 0.037 0.031 0.025 0.02 0.0162      
Eq. (4.23) 
 
For the tables of the generated bending moment samples and corresponded 
probabilities, see Appendix D.3. Same as for freight and medium speed passenger 
tracks, grouping the data by interval of 1kNm, the achieved distribution of 
probability of occurrence against sleeper dynamic bending moment is shown in 
Figure 4.20.  
 
Figure 4.20 The distribution of probability of occurrence of sleeper dynamic bending 
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4.4.5 Curve fitting for Weibull distribution function 
Through the measured data from the heavy haul track at Braeside, it has been 
found that the wheel-rail impact force distribution has been fitted to Weibull 
distribution and it is well correlated to the measured data (Dean, 2010). Indeed, the 
wheel flat impact mechanisms and distributions of wheel-rail dynamic force for all 
types of vehicles are similar, as mentioned in Section 4.4.3. Furthermore, the 
relationships between sleeper dynamic bending moment and wheel-rail dynamic 
force for all types of tracks are linear as shown in Appendix F. Therefore the sleeper 
dynamic bending moments of freight, medium and high speed passenger tracks are 
also assumed as Weibull distribution. The Weibull function is expressed by:  
#m  jæçbÊèç exp Ù+ /jæè 1Ú , m                          Eq. (4.24) 
To fit the curve as the function form of Eq. (4.24), three parameters need to be 
found which are the shape parameter β, scale parameter θ and location parameter δ. 
The function will be fitted by the method that provided in (Dodson, 2006). 
4.4.5.1 Methodology of curve fitting for Weibull function 
According to the description in (Dodson, 2006), there are some important steps 
to fit the curve of Weibull function.  
1. Calculate the cumulative number of axles for each interval.  
2. Assume the location parameter δ=0, and estimate the cumulative 
distribution function F(x) for each interval using the mean rank is an 
accurate estimate of median rank estimated value for data with a large 
sample size, which is represented by F(t-δ). 
3. Calculate the natural logarithm of the ending time of each interval, 
which is represented by ln(t-δ). 
4. Calculate the natural logarithm of the natural logarithm of the inverse of 
1-F(t-δ) for each interval, which is expressed by ln(ln(1/1-F(t-δ))). 
5. Plot ln(t-δ) on the horizontal axis and ln(ln(1/1-F(t-δ)) on the vertical 
axis of a graph. 
6. Fit a straight line to the data points. 
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The steps described above are about assuming the location parameter δ=0. 
However, as same as other building structures, there is always some probability of 
failure exist in railway track structure. So the δ=0 is not reasonably applicable. A 
nonzero location parameter should be used for such situation and also when working 
with the three-parameter Weibull distribution, a nonzero location parameter will 
always provide a better fit than a zero location parameter. 
The location parameter of the Weibull distribution is obtained by trial and 
error. The best estimate of location parameter is the value that provides the best fit 
straight line to the data. The coefficient of determination r2 provides this measure 
(the closer r2 to 1, the better fit). The following sections will apply the methods to the 
three categories of tracks. 
4.4.5.2 Weibull function curve fitting for freight track 
The principle of Weibull function curving fitting has been discussed in Section 
4.4.5.1. This section will apply the principle into the impact force distribution for 
freight track.  
The important data is the probability of occurrence, annual number of axles per 
year and frequency of occurrence. The probability of occurrence can be obtained 
from the analyses in previous section. The number of axles per year for freight track 
can be derived from the information provided by (Leong, 2006), which is that, 20 
freight trains pass the line a day, and each train has 40 wagons. Calculating as 4 axles 
on each wagon and 365 days per year, the annual number of axles pass a point on the 
rail line is 1197200. The frequency can be calculated with the product of probability 
of occurrence and annual number of axles.  
Setup a calculation spreadsheet by following the steps described in section 
4.4.5.1 and with the data from the distribution analyses, calculating the results with 
δ=0 first, then maximize r2, which approximately corresponds to the value of 0.9989 
with the location parameter δ=-135.538, the straight line of the relationship between 
ln(t-δ) and ln(ln(1/1-F(t-δ)) has fitted the best, as shown in Figure 4.21. Substitute 
the value of δ=-135.538 and repeat all steps described in Section 4.1. The results are 
presented in Table 4.12. 
From the data in Table 4.12, the shape parameter and the scale parameter and 
location parameter can be derived, which are β=19.543, θ=135.011 and δ=-135.538. 
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The completed Weibull function of probability density for freight track is expressed 
by:  
#m  Ô.×]jR]×.×]^Êe.dhn.0Ô exp Ù+ /jR]×.×]^]×.L 1Ô.×]Ú , m  +135.538               
Eq. (4.25) 
 
Figure 4.21 The fitted straight line of the relationship between the ln(ln(1/(1-F(t- δ))) 
and ln(t- δ) with δ=-135.538 for freight  track 
 
Table 4.12 Probability plot calculations for grouped data for freight train wagons 
(δ=-156.538) 
Probability plot calculations for grouped data (medium speed passenger) 
interval probability frequency cumulative F(t-δ) ln(t-δ) ln(ln(1/(1-
F(t-δ))) 
<5 5.07E-02 6.07E+04 60739 0.859415419 3.022276829 0.673936822 
5 to 6 3.14E-03 3.76E+03 64497 0.912599109 3.069818817 0.890870275 
6 to 7 1.79E-03 2.15E+03 66646 0.943002124 3.115202774 1.052478038 
7 to 8 1.27E-03 1.53E+03 68171 0.964587005 3.158616136 1.206173313 
8 to 9 8.60E-04 1.03E+03 69201 0.979156316 3.200222936 1.353436476 
9 to 10 4.98E-04 5.97E+02 69798 0.987597462 3.240167539 1.479296002 
10 to 11 3.57E-04 4.27E+02 70225 0.993637023 3.278577668 1.620824625 
11 to 12 1.69E-04 2.03E+02 70427 0.996506973 3.315566869 1.732891367 
12 to 13 1.17E-04 1.40E+02 70567 0.998483953 3.351236533 1.870516555 
13 to 14 4.58E-05 5.49E+01 70622 0.999260449 3.38567757 1.975394976 
14 to 15 3.03E-05 3.63E+01 70658 0.999773915 3.41897181 2.127588721 
15 to 16 9.11E-06 1.09E+01 70669 0.999928213 3.451193168 2.255682386 
16 to 17  3.16E-06 3.78E+00 70673 0.999981677 3.482408637 2.389437015 
17 to 18 8.98E-07 1.08E+00 70674 0.999996893 3.512679124 2.540170282 
18 to 19 9.77E-08 1.17E-01 70674 0.999998547 3.542060167 2.598392013 
19 to 20 7.92E-08 9.48E-02 70674 0.999999889 3.570602547 2.773325478 
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To convert the probability density into number of axles per year, the fitted 
Weibull function of probability needs to be multiplied by a number of k1=70674 and 
k2=1, which k1 is the number of axles in a year in the range of generated samples and 
k2 is the interval of sleeper dynamic bending moment which is 1kNm. So, the 
function of number of axles will be as k1k2f(x), which is 70674f(x). 
To ensure the fitted curve function is valid to be used, the results between that 
from the fitted curve function and from DTrack simulations are compared, as shown 
in Figure 4.22.  
 
Figure 4.22 Comparison between the results from Weibull function and simulation 
for freight track 
  
The comparison shows that the results from Weibull function and from 
simulation are well correlated, with an error of 7.6%. Therefore, the Weibull function 
can be used to predict the sleeper dynamic bending moment in specific return periods 
for freight track. 
4.4.5.3 Weibull function curve fitting for medium speed passenger track 
This section will apply the principle of Weibull function curve fitting to the 
sleeper dynamic bending moment distribution for medium speed passenger track. 
The number of axles per annual also can be derived from that, 50 passenger trains 
pass the line a day, and each train has 6 carriages (Steffens, 2005). Calculating as 4 
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the line is 438000. The frequency can be calculated as same as the method applied in 
section 4.4.5.2. 
Calculating the results with δ=0 first, then maximize r2, which is approximately 
corresponds to the value of 0.9928; the corresponded location parameter is δ=-
156.365. With that value, the straight line of the relationship between ln(t-δ) and 
ln(ln(1/1-F(t-δ)) has fitted the best, as shown in Figure 4.23 Substitute the value of 
δ= -156.365 and repeat all steps described in Section 4.1, the results are obtained and 
presented in Table 4.13. 
 
Figure 4.23 The fitted straight line of the relationship between the ln(ln(1/(1-F(t- δ))) 
and ln(t- δ) with δ=-156.365 for medium speed passenger track 
 
Table 4.13 Probability plot calculations for grouped data for medium speed 
passenger track (δ=-156.365) 
Probability plot calculations for grouped data (passenger) 
interval probability frequency cumulative F(t-δ) ln(t-δ) ln(ln(1/(1-F(t-δ))) 
<5 5.57E-02 2.44E+04 24409 0.952513746 5.08366888 1.114260872 
5 to 6 1.18E-03 5.16E+02 24925 0.972633703 5.089846887 1.280501273 
6 to 7 7.95E-04 3.48E+02 25273 0.986222203 5.095986961 1.455049814 
7 to 8 3.81E-04 1.67E+02 25440 0.992731076 5.102089565 1.594151052 
8 to 9 2.54E-04 1.11E+02 25551 0.997074659 5.108155152 1.76376189 
9 to 10 1.24E-04 5.43E+01 25605 0.999194639 5.11418417 1.963500197 
10 to 11 3.66E-05 1.60E+01 25621 0.999820309 5.120177056 2.154580777 
11 to 12 9.71E-06 4.26E+00 25626 0.999986354 5.126134242 2.416099068 
12 to 13 7.32E-07 3.21E-01 25626 0.999998870 5.132056149 2.6169272 
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According to the obtained data in Table 4.13, the shape parameter and the scale 
parameter and location parameter can be derived, which are β=32.544, θ=156.387 
and δ=-156.365. The completed Wei bull function of probability density for medium 
speed passenger track is expressed by: 
#m  ]0.×jR×.]×nÊ.dhh0.×Ø exp Ù+ /jR×.]××.]^Ø 1]0.×Ú , m  +156.365     Eq. (4.26) 
 
To convert the probability density into number of axles per year, here the 
multiplied numbers are k1=25626 and k2=1. So, the function of number of axles will 
be as 25626f(x). 
Same as the freight track, the results between that from the fitted curve 
function and from DTrack simulations are compared, as shown in Figure 4.24 to 
ensure the fitted curve function is valid to be used. 
 
Figure 4.24 Comparison between the results from Weibull function and simulation 
for medium speed passenger track 
 
Comparing the results between that from the fitted curve function and from, as 
shown in Figure 4.24. It shows that the results from Weibull function and from 
simulation have an error of 14.6%, but it is higher than the simulated data, that 
means it can ensure the design safer. Therefore, the Weibull function can be used to 
predict the sleeper dynamic bending moment in specific return periods for medium 
speed passenger track. 
4.4.5.4 Weibull function curve fitting for high speed passenger track 
This section will apply the principle of Weibull function curve fitting to the 
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number of axles per annual also can be derived with the information provided by 
(Zhang, 2010) which is that, 12 passenger trains pass the ICE2 high speed passenger 
line a day, and each train has 8 carriages. Calculating as 4 axles on each carriage and 
365 days per year, the annual number of axles travel pass the line is 140160.  
Calculating the results with δ=0 first, then maximize r2, which is approximately 
corresponds to the value of 0.9977, the corresponded location parameter is δ=4.05. 
With that value, the straight line of the relationship between ln(t-δ) and ln(ln(1/1-F(t-
δ)) has fitted the best, as shown in Figure 4.25 Substitute the value of δ=4.05 and 
repeat all steps described in 4.1, all results are presented in Table 4.14 
 
Figure 4.25 The fitted straight line of the relationship between the ln(ln(1/(1-F(t- δ))) 
and ln(t- δ) with δ=4.05 for high speed passenger track 
 
Table 4.14 Probability plot calculations for grouped data for high speed passenger 
track (δ=4.05) 
Probability plot calculations for grouped data (passenger) 
interval probability frequency cumulative F(t-δ) ln(t-δ) ln(ln(1/(1-F(t-δ))) 
<5 2.28E-02 3.19E+03 3191 0.387732341 -0.05129329 -0.712155213 
5 to 6 2.18E-02 3.05E+03 6241 0.758287278 0.667829373 0.350660644 
6 to 7 1.00E-02 1.40E+03 7646 0.928886558 1.08180517 0.972095817 
7 to 8 2.61E-03 3.66E+02 8012 0.973353571 1.373715579 1.287881911 
8 to 9 9.54E-04 1.34E+02 8145 0.989606554 1.599387577 1.518764534 
9 to 10 3.47E-04 4.86E+01 8194 0.995509524 1.78339122 1.687471831 
10 to 11 1.70E-04 2.39E+01 8218 0.998410187 1.93874166 1.863171029 
11 to 12 6.29E-05 8.82E+00 8227 0.999481760 2.073171929 2.023541974 
12 to 13 2.51E-05 3.52E+00 8230 0.999909541 2.191653532 2.231154933 
13 to 14 5.31E-06 7.45E-01 8231 0.999999879 2.297572551 2.767791055 
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According to the obtained data in Table 4.14, the shape parameter and the scale 
parameter and location parameter can be derived, which are β=1.168, θ=1.365 and 
δ=4.05. The completed Weibull function of probability density for high speed 
passenger track is expressed by: 
#m  .^j.L×c.ÊÕe.]× exp Ù+ /j.L×.]× 1.^Ú , m  4.05               Eq. (4.27) 
 
To convert the probability density into number of axles per year, here the 
multiplied numbers are k1=8231 and k2=1. So, the function of number of axles will 
be as 8231f(x). 
As same as DTrack simulation for both freight and medium speed passenger 
tracks, the results between that from the fitted curve function and from FE 
simulations are compared, as shown in Figure 4.26 to ensure the fitted curve function 
is valid to be used.  
 
Figure 4.26 Comparison between the results from Weibull function and simulation 
for high speed track 
The Comparison of results from the fitted curve function with that from FE 
model simulation is shown in Figure 4.26. It shows that the results from Weibull 
function and from simulation have an error of 8.3%. Therefore, this function can be 
used to predict the sleeper dynamic bending moment in specific return periods for 
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4.5 SUMMARY 
In this chapter, the sleeper static bending moment distributions of heavy haul 
and freight tracks have been analysed through the measured data from Braeside and 
Lara sites, the results show that the sleeper static bending moment is normally 
distributed. The mean, standard deviation and coefficient of variation have been 
calculated by relevant formulas from theory of probability, and those three 
parameters for the medium and high speed passenger tracks also have been derived 
with the relevant technique. They are the important parameters for determination of 
load factor for static load of limit states design of concrete sleeper which will be 
illustrated in Chapter 6. 
The sleeper dynamic bending moment has been analysed with the simulated 
data from DTrack and FE model. The distributions of sleeper dynamic bending 
moment have been found. Those distributions are reasonably assumed as Weibull 
distributions. The distribution curves were fitted into appropriate functions by 
obtaining the important parameters of Weibull distribution function which are the 
shape parameter, scale parameter and location parameter. These derived Weibull 
functions contribute to find the extreme sleeper dynamic bending moment value in 
specific return period in Chapter 6, in order to determine the load factor for dynamic 
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Chapter 5: Bending Strength Analysis of Prestressed 
Concrete Sleeper 
5.1 INTRODUCTION 
As discussed in Chapter 2, Section 2.2.3.2, most of failures of sleepers occur at 
the rail seat. So bending strength at rail seat is the most important factor for 
prestressed concrete sleeper design. This strength is controlled by the properties of 
sleeper components, such as the material properties, the dimensions of cross section 
of a sleeper, the diameters of steel wires and the locations of steel wires in a sleeper. 
Each of them can affect the bending strength of a sleeper. Furthermore, the bending 
strengths are different when sleepers are under static and dynamic load. This point 
should be considered in further limit states design analysis. 
However, in reality, the properties of sleepers vary randomly from sleeper to 
sleeper. That means the parameters of sleepers are varying in the manufactured 
samples of sleepers from the same design such as the steel tension strength, concrete 
compression strength, sleeper dimensions and etc. Some samples of those parameters 
can be higher than the real value and some are lower. Because the bending strength is 
determined by those parameters, the bending strengths are also varying based on the 
variation of those parameters such as the bending strengths of some sleeper samples 
are higher than design strength and some are lower. Therefore, it is important to 
analyse the discipline of sleeper bending strength variations. 
In this chapter, the four types of sleepers: QR concrete sleepers for heavy haul 
track, concrete sleepers for 25t freight - medium speed passenger mixed traffic in 
NSW, concrete sleepers used in Manchester benchmark and prestressed concrete 
sleepers for ICE2 high speed passenger line in Germany are analysed, they have 
different properties and disciplines of bending strength variations. This chapter 
demonstrate the process of obtaining both static and dynamic bending strengths of 
four types of sleepers and their disciplines of variations (distributions) which are 
used in limit states design of concrete sleepers. The obtained results will be used in 
calibration of limit states design functions in next chapter. 
 128 Chapter 5: Bending Strength Analysis of Prestressed Concrete Sleeper 
5.2 ANALYSIS OF BENDING STRENGTH 
Bending strength is the bending capacity of sleeper, which is also known as 
bending ultimate limit state. It is a key factor in the reliability analysis undertaken in 
this thesis. In this work, the method of calculating the bending strength is via the first 
principles theory of mechanics. It adopts the traditional method for calculation of 
prestressed concrete beam bending strength which proposed in Chapter 2. The static 
and dynamic bending strengths need to be calculated separately, because it will be 
shown that dynamic bending strength is greater than the corresponding static bending 
strength. 
5.2.1 Methodology of calculation 
To calculate the strength of a sleeper, the forces in the sleeper need to be 
identified; the sleeper is bent at the rail seat and mid span, as was illustrated in 
Section 2.3.2. The greatest bending moment occurs at the rail seat, when the sleeper 
bends in a positive, sagging direction. So, the rail seat is assumed as a critical part 
which must not reach the ultimate limit state during the life of the sleeper. In a 
sleeper, the strength of steel wires is much higher than concrete, so when the 
concrete reaches the ultimate limit state, the stress in the steel wires may still be less 
than the ultimate tensile strength of the wires. Therefore, the sleeper tends to reach 
the ultimate limit state when the concrete compression is exceeded.  
In this research, the prestressed concrete sleeper is assumed as a transverse 
beam in the track structure. There are two existing beam theories widely applied in 
structure analyses, namely Euler-Bernoulli and Timoshenko beam theories 
(Wikipedia, 2011; Wikipedia, 2012). According to the beam theories and the 
parameters of four types of sleepers as presented in Table 5.2-5.5 (later), the Euler-
Bernoulli beam theory can be reasonably applied. The details of specification are 
presented in Appendix E.  
According to calculation diagram shown in Figure 2.17, the conceptual 
calculation diagram of bending strength can be presented as shown in Figure 5.1.  
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In Figure 5.1, bt, bb and h are the top width, bottom width and height of the 
sleeper respectively; dn is the distance (depth) between the top edge of the sleeper 
and the neutral axis of the sleeper; f’c is the 28 day compression strength of the 
concrete; ε represents the strains in the diagram located in the middle of the figure; 
T1 to T4 are the forces in steel wires in the different rows and γ is the ratio of the 
depth of rectangular stress block to the neutral axis depth. 
Figure 5.1 shows that, in the sleeper, some of the steel wires are compressed 
and some are tensioned; the part of the concrete above the neutral axis is compressed. 
Because these compression and tension forces are related to the normal stresses in 
concrete and steel wires, the forces can be calculated through the stresses in concrete 
and steel wires.  
5.2.1.1 Compression force of concrete 
According to Warner (1988), the compression stress in the concrete at failure is 
f ’c, the ultimate compressing force of concrete can be calculated as Eq. (5.1). 
4  0.85#Ã;1 I ;v F0                                      Eq. (5.1) 
In Eq. (5.1), the depth between the top line and neutral axis dn can be 
calculated by centroid method. According to the knowledge of material mechanics 
(Fan & Yin, 2004), the neutral axis location of an object with regular cross section 
shape overlaps with the horizontal axle of centroid. The sleeper cross section has a 
regular shape of trapezium and the steel wires have regular circle shapes. Therefore, 
in the sleeper cross section, the centroid location can be considered as a combination 
of the centroid of concrete with a cross section of trapezium shape and the equivalent 








bt 0.85f ’c 
γdn 
ε 
Figure 5.1 Conceptual diagram for calculating the bending strength of sleeper
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sections of all single steel wires areas. The cross section area of concrete is the area 
of trapezium shape subtracts the area of all steel wires. The equivalent centroid 
locations of the cross sections of steel wires and concrete are expressed by Eq. (5.2) 
and Eq. (5.3) respectively. 
ë  ∑ ¸>¸∑ ¸                                                      Eq. (5.2) 
ë  bDCn RD >BO ∑ ¸>¸BDBO                   Eq. (5.3) 
Where, As is the cross section area of a single steel wire; At is the area of 
trapezium shape of sleeper cross section; Asg is the gross area of all cross sections of 
steel wires.  
:   + ¶GBDR¶OBOBDRBO                                       Eq. (5.4) 
5.2.1.2 The tension forces of steel wires 
The tension forces from steel wires can be calculated by:  
ì  Z?f=v|  K=v|                                  Eq. (5.5) 
Where εtn is the total strain of single steel wire in n-th row; E is Young’s 
modulus of steel wire; As is the area of steel wires; ni is the number of steel wires in 
n-th row; σn is the stress of single steel wire in n-th row. 
The strain of steel wires is divided into two parts, which are the initial 
prestressing strain and the strain due to bending of the sleeper. The bending strain is 
linear, and can be calculated from the strain diagram in Figure 5.1. The initial 
prestressing strain of steel wire and the bending strain are expressed by:  
ZJ.|  ¸BO	                                                       Eq. (5.6) 
Z|  aG@TFT                                                  Eq. (5.7) 
Where Pi is the prestressing force in the steel wires; E is the Young’s modulus 
of steel with the value 200000MPa. The total strain of steel wires for each row is 
combined by Eq. (5.6) and (5.7) and expressed by:  
Z?  ¸BO	 I aG@TFT                                        Eq. (5.8) 
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Because the stress-strain relationship of the steel in the wires is nonlinear, the 
curve of stress-strain relationship is not be able to be described by a single function, 
so it was solved by a method derived from (Warner et al, 1998) which divides the 
curve into some segments. It is presented by Table 5.1. 
Table 5.1 The method of solving the stress-strain relationship (Warner et al, 1998) 
 
In this table, every two neighboured numbers combine into a segment. This 
table contains six segments in all. The principle of calculating the effective stiffness 
‘En’ of steel wire within any segment of the curve is described below: 
f  PTíÊPTaTíÊaT                                                           Eq. (5.9) 
The stress expression can be presented:  
KR  fZ| + Z I K                                   Eq. (5.10) 
From Eq. (3.7), the stress expression can be transferred to the form as 
expressed by: 
K  fZ| + Z I K                             Eq. (5.11) 
Substitute Eq. (5.8) into Eq. (5.10), the tensile stress of steel wires on each row 
can be achieved. Next step is calculating the bending moment. 
5.2.1.3 Bending moment 
The expressions for the compressive force in the concrete and the tensile forces 
in the steel wires are derived above; next, the bending moment which generates these 
forces can be calculated, which is the ultimate bending moment.  
The contributions of the compression and tension forces to the moment are 
expressed by:  
<  + 0 7:4                                               Eq. (5.12) 
<ä  ì±  K=v|                                           Eq. (5.13) 
Where, Mc is the contribution from the concrete compression; MTn is the 
contribution from the n-th steel wires. Combine those contributions together, and the 
total ultimate bending moment is expressed by:  
Stress, MPa 0 1074 1253 1432 1521 1611 1655 
Strain 0 0.006 0.0071 0.0083 0.009 0.0104 0.012 
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<9  < I ∑ <ä                                                 Eq. (5.14) 
Substitute Eq. (5.12) and Eq. (5.13) into Eq. (5.14), obtain the ultimate bending 
moment Mu is 
<9  + 0 7:4 I ∑ K=v|±                           Eq. (5.15) 
5.2.2 Static bending strength 
Because the sleeper capacity is different for different types of tracks, the 
parameters describing the sleeper cross sections at the rail seats can be quite 
different, such as sleeper cross section dimensions, the areas of steel wire cross 
section, the number of steel wires and the locations of steel wires. Each of the single 
parameters can affect the bending strength of sleeper to a certain extent. Therefore, 
four types of sleepers will be analysed individually. All four types of sleepers use a 
value of 50MPa for the static compression strength of concrete (AS3600, 2009). 
The calculation of bending strength of Heavy Haul track sleeper is based on a 
Queensland Rail (QR) standard sleeper (Austrak, 2006). The sleeper has 5 rows of 
steel wires that have a diameter of 5mm. The basic parameters of sleeper components 
are presented in Table 5.2 and calculation diagram is presented in Figure 5.2. 
As mentioned in Chapter 4, Section 4.2.2, the maximum load for freight track 
is 25t, which is appropriate to the sleepers designed for mixed traffic track in New 
South Wales (NSW), (Anon, 2011). These sleepers have 3 rows of steel wires each 
with a diameter of 5mm and each row has 6 steel wires. The basic parameters of 
sleeper components for the mixed traffic track are presented in Table 5.3 and 
calculation diagram is presented in Figure 5.3. 
The sleeper of medium speed passenger track is selected from that which was 
used for benchmark test which allows the railway track engineers to see whether the 
calculations of one model of track dynamic behaviour agreed with the calculations of 
others with the accurate inputs, as described by (Grassie, 1996). This sleeper adopted 
6 rows of steel wires each with a diameter of 5mm. The basic parameters of sleeper 
components for the mixed traffic track are presented in Table 5.4 and calculation 
diagram is presented in Figure 5.4. 
The selected high speed track serves the German ICE2 250km/h high speed 
vehicle, as mentioned before. According to the description of concrete sleepers cross 
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section in (Chen, 2004), the structure of the sleepers for ICE2 high speed track is 
significantly different to those three types of sleepers mentioned above. This sleeper 
adopts four thick steel wires in two rows of two, each wire with a radius of 9.7mm, 
approximately twice thicker than the steel wires used in two types of sleepers 
mentioned above. That means the strength of each steel wire is approximately 4 
times larger than the 5mm steel wire. The basic parameters of components of the 
sleepers for this track are presented in Table 5.2 – 5.5 and calculation diagram is 
presented in Figure 5.2 – 5.5. 
Table 5.2 Basic parameters of concrete sleeper from Queensland Rail (Austrak, 
2006) 
Top width: 220mm Bottom width: 250mm Height: 208mm 
5 rows of steel wires,  positions of height from 1st to 5th row to the bottom line are: 
40mm, 75mm, 100mm, 130mm, 160mm 
The number of steel wires of each row from 1st to 5th : 6, 4, 4, 4, 4 respectively. 
Diameter of steel wire:  4.99mm; Prestressed force, 25kN 
 
Table 5.3 Basic parameters of concrete sleeper of 25t mixed traffic in New South 
Wales (Anon, 2011) 
Top width: 220mm Bottom width: 250mm Height: 220mm 
3 rows of steel wires,  positions of height from 1st to 3rd row to the bottom line are: 
37mm, 92mm, 137mm 
The number of steel wires of each row from 1st to 3rd : 6, 6, 6 respectively. 
Diameter of steel wire:  4.95mm; Prestress force: 24.96kN 
 
Table 5.4 Basic parameters of concrete sleeper of medium speed passenger coach 
line for benchmark (Steffens, 2005) 
Top width: 180mm Bottom width: 250mm Height: 243mm 
5 rows of steel wires,  positions of height from 1st to 5th row to the bottom line are: 
40 mm, 86 mm, 135mm, 165mm, 190mm 
The number of steel wires of each row from 1st to 5th : 6, 4, 4, 4, 4  respectively. 
Diameter of steel wire:  4.95mm; Prestress force: 19.83kN 
 
Table 5.5 Basic parameters of concrete sleeper for German ICE2 high speed line 
(Chen, 2004) 
Top width: 220mm Bottom width: 250mm Height: 230mm 
2 rows of steel wires,  positions of height from 1st to 2nd row to the bottom line are: 
mm, mm 
The number of steel wires of each row from 1st to 2nd : 2, 2  respectively. 
Diameter of steel wire:  9.7mm; Prestress force: 21.65kN 
 








































Figure 5.2 Bending strength calculation diagram for QR sleeper 
Figure 5.3 Bending strength calculation diagram for NSW 25t mixed 
traffic line sleeper 
Figure 5.4 Bending strength calculation diagram for medium speed 
passenger line sleeper for benchmark 
bb 
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According to the calculation procedures and formulas described in Section 
5.2.1.1 and diagrams in Figure 5.2 – 5.5, the bending strengths of four types of 
sleepers at rail seat can be calculated. The obtained results are presented in Table 5.6. 
Table 5.6 Ultimate bending strengths at rail seat of four types of sleepers 









strength, kNm 52.9 67.5 58.5 74.2 
 
5.2.3 Dynamic (impact) bending strength 
As mentioned in Chapter 2, the concrete compression strength under impact 
loading is higher than that under static loading. So the bending strength of sleeper is 
also increased under impact loading.  
In ultimate limit states design of concrete sleeper, the critical applied load is 
the wheel-rail dynamic load. It certainly corresponds to the dynamic bending 
strength of sleeper. Therefore, if the total load (includes static and dynamic) at the 
rail seat exceeds the static bending strength but under the dynamic bending strength, 
it would not necessarily lead the sleepers to failure.  
The dynamic compression strength of concrete can be calculated by the valid 
formula for predicting the dynamic strength described in Chapter 2, Section 2.3.3.2, 








Figure 5.5 Bending strength calculation diagram for ICE2 high speed 
line sleeper 
bb 
 136 Chapter 5: Bending Strength Analysis of Prestressed Concrete Sleeper 
By using this value in the bending strength process, the dynamic bending 
strength of sleeper can be obtained. The obtained results are presented in Table 5.7. 
Table 5.7 Ultimate dynamic bending strengths at rail seat of three types of sleepers 
Under dynamic 










60.3 77.5 66.6 82.7 
 
According to the results, the dynamic bending strengths are higher than the 
static bending strength by between 10% and 15%. This difference will be considered 
in limit states design of concrete sleepers in Chapter 6. 
5.3 STATISTICAL ANALYSIS OF BENDING STRENGTHS OF 
CONCRETE SLEEPERS 
In the previous section, the calculated bending strengths were based on 
parameters that had constant values. However, in reality, all parameters of sleeper 
components can vary randomly as discussed in Section 5.1, so the bending strengths 
of sleepers also vary. There is a distribution shape that can represent the variation of 
bending strengths of concrete sleepers. 
In order to determine the likely shape of the statistical spread of bending 
strengths of concrete sleepers, a Monte Carlo simulation was conducted on the four 
types of sleepers. In the simulation, each of the parameters of components in the 
sleeper was randomly varied within bounds suggested by (Kaewunruen & 
Remennikov, 2008). The variations are presented by use of means, standard 
deviations and coefficient of variations (C.o.V) of the components which are 
presented in Table 5.8. 
Table 5.8 The variations of parameters of components in concrete sleeper 
(Kaewunruen & Remennikov, 2008) 
 As γ f’c Pi h1 h2 h3 h4 h5 
unit mm^2 - MPa kN mm mm mm mm mm 
mean 19.6 0.696 50 19.83 40 75 100 130 160 
std. 0.25 0.1044 9.9 1.5 0.5 0.5 0.5 0.5 0.5 
C.o.V. 0.01 0.15 0.2 0.08 0.01 0.01 0.005 0.004 0.003 
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Using the data in Table 5.8, random values of each parameter can be generated 
in MATLAB with the function expressed by: 
î  ï I K Ï v:vv, 1                                      Eq. (5.16) 
Where, v represents the random values of samples; µ  is the mean value of v, 
which is used as constant value in section 5.2 and 5.3; σ is the standard deviation of 
v; n is the number of v, which means v is a ‘1 x n’ matrix. In order to generate 
adequate numbers of variables, the n is chosen as 500. 
5.3.1 Static bending strength analysis 
Replacing the constant parameters of sleeper components with random 
variables, 500 random variations of bending strength were calculated for each type of 
sleeper. The results are plotted into distributions of bending strengths against number 
of sleepers as shown in Figure 5.6, 5.7, 5.8 and 5.9 respectively. 
 
Figure 5.6 Distribution of static bending strength of sleeper for Queensland Rail 
 
Figure 5.7 Distribution of static bending strength of sleeper for 25t mixed traffic in 
NSW 
 138 Chapter 5: Bending Strength Analysis of Prestressed Concrete Sleeper 
 
Figure 5.8 Distribution of static bending strength of sleeper for medium speed 
passenger coach line for benchmark 
 
Figure 5.9 Distribution of static bending strength of sleeper for ICE2 high speed line 
 
The results demonstrate that sleeper bending strengths of all these four types of 
sleepers are normally distributed, and the means and standard deviations are 
presented in Table 5.9. 
Table 5.9 The means and standard deviations of static bending strength of three types 
of sleepers 




ICE high speed 
sleeper 
Mean, kNm 52.4 67.5 58.5 74.2 
Standard deviation, kNm 12.6 14.1 12.1 17.2 
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5.3.2 Dynamic bending strength analysis 
As mentioned above, the dynamic bending strength of concrete sleepers is 
higher than the bending strength under static load, which is important when the static 
strength is not able to support the impact force. That means the dynamic bending 
strength can compensate the static bending strength to a certain extent to support the 
impact force to ensure the failure would not occur.  
For the impact bending strength analysis, the same method as for static bending 
strength analysis can be applied. The only different is the mean value of concrete 
compression strength, here should apply the impact compression strength value 
which is 78.7MPa. 
Same as the static bending strength analysis, using random variables to 
generate 500 random variables of bending strengths for each type of sleeper. The 
distributions of impact bending strength against number of sleepers are shown in 
Figure 5.10, 5.11, 5.12 and 5.13 respectively. 
 
Figure 5.10 Distribution of impact bending strength of sleeper for Queensland Rail 
 
Figure 5.11 Distribution of impact bending strength of sleeper for 25t mixed traffic 
in NSW 
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Figure 5.12 Distribution of impact bending strength of sleeper for medium speed 
passenger coach line for benchmark 
 
 
Figure 5.13 Distribution of impact bending strength of sleeper for ICE2 high speed 
line 
The results demonstrate that the impact sleeper bending strengths of all four 
types of sleepers are also normally distributed. The means and standard deviations 
are calculated and presented in Table 5.10. 
Table 5.10 The means and standard deviations of dynamic bending strength of three 
types of sleepers 




ICE high speed 
sleeper 
Mean, kNm 60.3 77.5 66.6 82.7 
Standard deviation, kNm 12.3 15.6 12.8 17.2 
 
Comparing the results in Table 5.10 with Table 5.9, the mean values are greater 
because of the impact strength. But the standard deviations are slightly different. The 
only reason would be that, the sample values were randomly generated, causing the 
standard deviation to vary at different times. The errors of four standard deviations 
are all approximately 5% because of the random of Monte Carlo simulation. The 
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distributions of impact bending strength of concrete sleepers for all types of tracks 
can be reasonably treated as same as the static bending strength of concrete sleepers 
but with different mean values. 
5.4 SUMMARY 
This chapter has analysed the bending strength of four types of prestressed 
concrete sleepers. The Monte Carlo method has been applied to find the distributions 
of bending strength for four types of sleepers with randomly varied properties. The 
analysis has found that the both static and dynamic bending strength of four types of 
sleepers are normally distributed, also the means and standard deviations has been 
calculated.  
The dynamic bending strength analysis demonstrated that, the impact force can 
increase the bending strength for between 10% and 15%. This conclusion contributes 
to better rating the serviceability of existing sleepers. Also, with consideration of 
dynamic bending strength, the sleeper bending capacity can be better evaluated for 
load factors of limit states design especially when the some available sleepers’ 
bending capacities are considered as ‘not strong enough’. 
The values obtained in this chapter are important to the calibration of final 
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Chapter 6: Calibration of limit states design 
equations 
6.1 INTRODUCTION 
As mentioned in Chapter 2, Section 2.5.3.3, the limit states design equation is 
expressed by Eq. (2.18). The equation contains three types of loads, which are the 
permanent load, live load and impact load. However, for a railway sleeper, the 
permanent load is the weight of the rails, but that is only approximately 0.3% of the 
weight of an entire wagon, so the effect is not significant. The more important load 
carried by sleepers is the static load of wagons which is transmitted into the track 
through the wheel-rail interface. The static load component will be analysed with 
their distributions, the dynamic load component will be analysed with the 
distribution functions derived in Chapter 4, Section 4.4.5. All loads will be converted 
into sleeper dynamic bending moments at rail seat.  
In this chapter, Section 6.2 will derive the load factors for sleeper static 
bending moments, the extreme sleeper dynamic bending moment values induced by 
wheel-rail impact force and the load factors for sleeper dynamic bending moments.  
Section 6.3 will perform a reliability analysis to find the reliability indices for 
each type of track with the sleeper bending strengths which were obtained in Chapter 
5, Section 5.3.  
Section 6.4 will derive the strength reduction factors for each type of tracks 
according to the obtained reliability indices. 
Section 6.5 will perform the sensitivity analyses, which is used to test whether 
the obtained factors are reliable to be applied to limit states design equations and 
eventually confirm the strength reduction factors to limit states design equations for 
all types of tracks. 
6.2 LOAD FACTOR 
From the discussion above, there are only two types of loads to be considered 
in the limit state of strength condition for concrete sleepers, namely the transient 
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weight of the train load (static load) and the impact force applied by a wheel flat. The 
limit states design equation of concrete sleeper can be rewritten as  
9  {Ï  yz Ï y I yzo Ï g                                  Eq. (6.1) 
Where LFs - the load factor, L - the design load for the component of static 
load, LFI - the load factor, and I - the design load for component of impact load. In 
order to be able to design a concrete sleeper, the load factors and the design loads 
need to be determined. The process of determining the load factors is based on the 
traffic and loading conditions applying to the heavy haul railway test track site and in 
the simulations for the other three types of tracks described in Section 6.1. This 
section will illustrate how to obtain the load factors. 
6.2.1 Load factor for static load component 
Nowak and Lind (1979) in deriving load factors for bridges defined the load 
factor as: 
yz|  |1 I vÍ|                                                      Eq. (6.2) 
Where, LFi - the load factor, δi - known as the bias coefficient, n - measure of 
the level of confidence needed in the load factor and Vi - the coefficient of variation 
obtained by dividing the standard deviation of a distribution by its mean. As defined 
in (MacGregor, 1997), the bias coefficient is simply the mean of the distribution of a 
parameter divided by the assumed or nominal value of that parameter, as expressed 
by Eq. (6.3), and so is a measure of the difference between these two values of the 
parameter. 
|  Ç¸¹ÌÄTÇT                                                               Eq. (6.3) 
The term n is simply the number of standard deviations from the mean and 
Nowak & Lind (1979) suggested that n should be between 1.8 and 2.1 which 
corresponds to points on a normal distribution that represent the upper 3.6th 
percentile and 1.8th percentile of the area under the distribution curve. The upper 2nd 
percentile point represents the chance of an event occurring 1 in 50 times, so a 
suitable characteristic value for the distribution of the static loads is half way 
between Nowak and Lind’s limits, which gives n=2.05.  
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All mean values and nominal maximum loads for four types of tracks were 
obtained in Chapter 4, Section 4.2. Therefore, the load factors of static loads (sleeper 
static bending moments) can be derived by substituting the values into Eq. (6.2) and 
Eq. (6.3). 
Heavy haul track 
The coefficient of variation is 0.38, the mean is 6.8kNm as calculated in 
Section 4.2.1, and the nominal maximum static bending moment is 7.5kNm as 
calculated by the equation Eq. (3.17) with maximum axle load of 28t and sleeper 
spacing 685mm, which gives a bias coefficient of 0.91 from Eq. (6.3), and eventually 
the load factor of static load for heavy haul track is 1.2 from Eq. (6.2). 
Freight track 
The coefficient of variation is 0.24, the mean is 7.8kNm as calculated in 
Section 4.2.2,  and the nominal maximum load is 10.7kNm as calculated by the 
equation Eq. (3.17) with the maximum allowed axle load of 25t and sleeper spacing 
680mm,. Then, the bias coefficient of 0.73 is obtained, and eventually the load factor 
of static load for freight track is 1.08. 
Medium speed passenger track 
The coefficient of variation is 0.23, the mean is 4.4kNm and the nominal 
maximum load is 6.1kNm as calculated by the equation Eq. (3.17) with the 
maximum allowed axle load of 15t and sleeper spacing 610mm. Then, the bias 
coefficient of 0.73 is obtained, and eventually the load factor of static load for 
medium speed passenger track is 1.1. 
High speed passenger track 
The coefficient of variation is 0.23, the mean is 5.6kNm and the nominal 
maximum load is 7.7kNm as calculated by the equation Eq. (3.17) with the 
maximum allowed axle load of 19.5t and sleeper spacing 600mm. Then, the bias 
coefficient of 0.73 is obtained, and eventually the load factor of static load for high 
speed passenger track is 1.1. 
In this research, the maximum static load on track is assumed as constant. 
However, according to the experience of loading on structures such as buildings and 
bridges, the static loads normally increase because of the development of economy. 
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Therefore, this should also happen on the railway tracks. That means the static load 
growth needs to be considered for the design life of railway tracks. 
To obtain the growth of static loads on the tracks, the measured data of static 
load for multiple years is required. The measured data from the Braeside site only 
provides the static loads on the track over a year. Thus the derived distribution of 
static load is only applied to the situation without the growth of static loads. In this 
research, the measured data of multiple years was unavailable, which means the 
growth of static load on track was not obtainable. However, the track loads do not 
change as much as the bridge or building loads during their use life, because of the 
sizes and volumes of coal and freight wagons or passenger carriages do not change 
significantly in track vehicle development. Therefore, the growth of static load on 
track is not significant to concrete sleeper design and it can be reasonably assumed as 
‘no growth of static load’ at the current stage. However, the consideration of static 
load growth in track can improve the limit states design method. It can be a further 
work if the measured data is available in the future.  
6.2.2 Load factor for dynamic load component 
The dynamic load component is the impact component, which causes the 
sleeper dynamic bending moments. It is extremely important to the limit states 
design method of the sleepers. The sleeper dynamic bending moments have been 
analysed in Chapter 4, Section 4.3. To determine the load factors of dynamic loads, 
the extreme values of sleeper dynamic bending moment need to be found for each 
type of track. 
According to the distribution analyses in Chapter 4, Section 4.4, the 
distributions of sleeper dynamic bending moments have been fitted as Weibull 
functions which describe the probability of the number of axles per year against the 
sleeper dynamic bending moment. The extreme sleeper dynamic bending moments 
for each type of track are related to the return periods, which means the number of 
years that the specific value occurs once.  
In previous work, Murray & Leong (2009) have provided the importance 
categories and return periods for railway track design according to AS/NZS 1170 
(2002), as presented in Table 6.1. The table describes the importance category to 
which the different types of track belong and the corresponding return periods. 
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According to the information in Table 6.1, the medium speed passenger and 
freight tracks are in importance category 2, with the return period of 500 years; the 
heavy haul and high speed passenger tracks would have importance category 3, with 
the return period of 2000 years. Therefore, the extreme sleeper dynamic bending 
moments of freight and medium speed passenger tracks should be the values of 
impact that occur on average once in 500 years; the extreme sleeper dynamic 
bending moment of heavy haul and high speed passenger tracks should be the values 
that occur once in 2000 years. 
Table 6.1 Importance categories and return periods for railway track design 
according to AS/NZS 1170.0 (Murray & Leong, 2009) 
Importance 




Low to medium trafficked lines for which 
delays to services caused by speed 
restrictions or by track possession for 
maintenance are not usually of serious 




Lines in which safety is an important 
design consideration and which carry 
mixed traffic producing a significant 
income to business (e.g. lines between 
major city centres carrying medium speed 
passenger and freight trains). 
500 
3 
Lines that are critically important in terms 
of safety, revenue or business reputation 
(e.g. high speed inter-city passenger lines, 
suburban passenger lines or heavily 




6.2.2.1 Determination of extreme sleeper dynamic bending moment value 
Heavy haul track 
The impact bending moment value for heavy haul track that corresponds to the 
required return period can be derived by extrapolating the Braeside distribution curve 
function as expressed by Eq. (4.19), and the extreme wheel-rail impact force value 
over a 2000 years period is obtained as 467kN which is the same as Dean (2010 
derived. For the detail of derivation, see Appendix C. 
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The extreme wheel-rail impact force value of 467kN needs to be converted into 
sleeper dynamic bending moment. As mentioned, the dynamic bending of sleeper is 
complicated. The precise values cannot be obtained by existing formulas of bending 
moment calculation. Furthermore, there was no measured data of sleeper bending 
moment from the Braeside heavy haul line. So, the impact bending moment under 
the extreme wheel-rail force can only be roughly obtained by bending moment 
calculation formula provided in (AS1085.14) as expressed: 
<(  ('`^                                                              Eq. (6.4) 
Where MR - sleeper bending moment; R - force on top of sleeper which is 
calculated by the product of extreme impact force and load distribution factor DF; L 
- length of sleeper and g is the track gauge. Substitute the extreme impact force with 
467kN, DF=0.55 for sleeper spacing of 685mm, the length of 2200mm and track 
gauge of 1067mm, the obtained bending moment is 22.5kNm. 
Freight track 
According to Table 6.1, the freight track is in importance category 3, 
corresponding to the return period of 500 years. That means the extreme value of 
sleeper dynamic bending moment for the design is that which occurs once every 500 
years, which is 0.002 axles per year.  
To find the extreme sleeper dynamic bending moment in that specific return 
period, the Weibull function which has been fitted in Chapter 4 is needs to be 
extrapolated to the return period with the same the method applied to heavy haul 
track.  
As discussed in Chapter 4, Section 4.4.4.1, the derived total number of axles 
per year that was used in the simulation results is 70674 for the RQTY wagon. 
Hence, according to the theory of probability (Melchers, 1987), the probability of 
occurrence of the extreme sleeper dynamic bending moment in the return period of 
500 years can be calculated by:  
J  ËºbNqÊ                                           Eq. (6.5) 
Where, Pr-p - probability of occurrence of extreme sleeper dynamic bending 
moment in specific return period, Nr-p - number of years of specific return period and 
k1 is the number of samples in the range being analysed. Through Eq. (6.5), the 
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probability of occurrence of extreme bending moment that occurs in 500 years is 
calculated as 2.83e-8.  
Eventually, the extreme value of sleeper dynamic bending moment in a return 
period of 500 years is obtained by extrapolating the Weibull function for freight track 
with the calculated probability, as shown in Figure 6.1. The obtained value of the 
extreme impact bending moment that occurs in 500 years is 21.9kNm. (For detailed 
derivation, see Appendix C). 
 
Figure 6.1 Extrapolation of Weibull function for freight track corresponding to the 
DTrack simulation data 
Medium speed passenger track 
The method of finding the extreme value of sleeper dynamic bending moment 
for medium speed passenger track is the same as applied to the freight track. 
According to Table 6.1, the medium speed passenger track is also on importance 
category 3, which is 0.002 axles per year. 
As discussed in Chapter 4, Section 4.4.4.2, the derived total number of axles 
per year that were used in the simulation results is 25626 for medium speed 
passenger coach carriages. With Eq. (6.4), the calculated probability of occurrence of 
the extreme sleeper dynamic bending moment in the return period of 500 years for 
medium speed passenger track is 7.8e-8 and the extreme sleeper dynamic bending 
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Figure 6.2 Extrapolation of Weibull function for medium speed track corresponding 
to the DTrack simulation data 
 
High speed passenger track 
The same method is also applied to high speed passenger track. According to 
Table 6.1, the high speed passenger track is in importance category 4, corresponding 
to the return period of 2000 years, which is 0.0005 axles per year. 
The derived total number of axles per year in the simulation results for high 
speed track is 8231 for ICE2 high speed coach carriages. The probability of 
occurrence of the extreme sleeper dynamic bending moment in the return period of 
2000 years for medium speed passenger track is calculated as 6.07e-8, converted to 
number of axles per year it is approximately 0.0005 and the extreme value of sleeper 
dynamic bending moment in that return period is 19.4kNm, as shown in Figure 6.3. 
 
Figure 6.3 Extrapolation of Weibull function for high speed track corresponding to 
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6.2.2.2 Determination of load factors of dynamic component for those types of 
tracks 
Because the distributions of sleeper dynamic bending moments are Weibull 
distributions, the method shown in Eq. (6.2) for calculation load factor is 
inappropriate – the terms Vi and n are not able to represent a Weibull distribution 
adequately. The Weibull distributions are more appropriately considered as extreme 
event distributions in which the lower limit of the curve is zero but the upper tail 
trails off into infinity. The task then is to define a suitable upper limit that has a 
probability of occurrence appropriate to the importance of the element and to the 
loads being applied to the element. This approach is the same as that used for 
determining the design values of wind speeds and earthquake forces used in limit 
state of strength design of building infrastructure; such cases require determination of 
a suitable return period, otherwise known as the risk of annual exceedance, which in 
turn sets the magnitude of that event (AS/NZS 1170.0, 2002).  
According to the return periods four types of tracks in Table 6.1, the heavy 
haul and high speed passenger tracks have the annual probability of exceedance of 
the selected design impact load should be 1 in 2000 or 0.0005; for the freight and 
medium speed passenger tracks should be 1 in 500 or 0.002. For a concrete sleeper 
with a nominal life span of 50 years, this design force would therefore have a 
probability of occurrence of 1 in 40, or 2.5%, during the life span of the sleeper – 
that probability is similar to the 1 in 50 set earlier for the characteristic load 
appropriate to the static loads. 
Therefore, the sleeper dynamic bending moments of freight and medium speed 
passenger tracks that would occur with an average annual frequency of occurrence of 
f=0.002 are 21.9kNm and 14.4kNm; for the heavy haul and high speed passenger 
tracks they would occur with an average annual frequency of occurrence of f=0.0005 
are 22.5kNm and 19.4kNm. As mentioned in the previous section, the obtained 
sleeper dynamic bending moment values are considered as extreme values of the 
event. Because this is an extreme event form of analysis of necessity the load factor 
for the ultimate impact bending moment is LFI=1. Therefore, the load factor of 
LFI=1 for the dynamic component is applied to all types of tracks. 
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6.3 RELIABILITY ANALYSES 
The load factors of both static and dynamic components have been determined 
in Section 6.2. In the limit states design equation Eq. (6.1), the only unknown factor 
left is the reduction factor for sleeper bending strength. However, the strength 
reduction factor of sleeper bending strength is based on track safety and the 
parameter widely used to define safety and level of risk in systems is the reliability 
index (explained in Chapter 2). So, before determining the reduction factor of sleeper 
bending strength, the reliability index needs to be found through the reliability 
analysis. 
The reliability index is calculated by the limit state function which was 
described in Chapter 2, Section 2.5.3.2 and the program COMREL is employed as 
described in that section. 
According to the limit state function Eq. (2.14), the strength R is the sleeper 
bending strength; the load S is the total bending moment caused by both static and 
dynamic load, which is expressed by:  
ð   + y I g                                        Eq. (6.6) 
This limit state function was entered into the symbolic expression tab of 
COMREL, and the distribution types of the R, L (normal) and I (Weibull) in 
stochastic model were defined, and the mean and standard deviation values were 
applied to them. The means and standard deviations of L and R were given in 
Chapter 4, Section 4.2 and Chapter 5, Section 5.3 respectively, the mean and 
standard deviation of I can be calculated by Eq. (6.7) and Eq. (6.8) below, which are 
the formulas for calculating the mean and standard deviation for Weibull distribution 
(Melchers, 1987) 
Æñ  ò /1 I 1 I                                                    Eq. (6.7) 
K  ò /1 I 01 + ò01 I                                  Eq. (6.8) 
Where, Γ - gamma function, θ, δ and β - Weibull function parameters which 
are described in Chapter 4, Section 4.4.5. In addition, the location parameter δ 
(represented as ‘τ’ in COMREL) should be applied to Weibull distribution for the 
sleeper dynamic bending moment.  
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The setup of limit state function and distribution parameters for reliability 
analysis in COMREL are presented in Figure 6.4 and 6.5 respectively. 
 
Figure 6.4 Setup for the limit state function 
 
 
Figure 6.5 Setup for the distribution and necessary parameters  
 
According to the necessary distribution parameters of static and dynamic 
bending moment of sleeper obtained in Chapter 4, Section 4.4.5 and the distribution 
parameters of sleeper bending strength obtained in Chapter 5, Section 5.3, the 
reliability indices for all types of tracks can be calculated. The results of reliability 
indices for each type of track are presented in Table 6.2. 
Table 6.2 The reliability indices of the tracks 
Type of track Reliability index 
Heavy haul 4.1 
Freight 4.029 
Medium speed passenger 4.356 
High speed passenger 3.725 
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Australian Standard (AS5104-2005) provides principles for setting levels of 
reliability for structures and because concrete sleepers are a major structural element 
in the track supporting system, these principles can be applied to them. The standard 
suggests that for ultimate limit states design in which Weibull distributions are 
characteristic of the actions and element resistances, the reliability index β should be 
between 3.1 and 4.3, depending on the consequences of failure.  
Table 6.2 shows that, four types of tracks are all on the safe level 
corresponding to the strengths of the sleepers. That means the strengths of the 
sleepers are adequate for service in tracks. If considering the impact bending 
strength, the service would be even safer. With the reliability indices determined for 
all types of tracks, the strength reduction factors for each type of tracks will be 
determined in the next section. 
6.4 STRENGTH REDUCTION FACTOR 
Based on the reliability indices determined above, this section will illustrate the 
determination of the strength reduction factors for limit states design equations. 
For elements subjected to bending but not to external axial force, the standard 
AS3600-2009 specifies that strength reduction factor 0.6≤φ≤0.8, but whether it is 
suitable to the concrete sleepers is not clear. Thus, the necessary level of safety for 
concrete sleepers in track needs to be established, which means the reliability index 
must be very close to 4.0. 
As Chapter 2, Section 2.5.4 mentioned, the work of Nowak and Lind (1979) 
has proposed a formula that can calculate the strength reduction factor by the 
reliability index which is expressed by Eq. (2.19). This equation is used to determine 
the reduction factor when φRu equals the applied load. According to the reliability 
index form developed by Rosenblueth and Esteva (1972), Eq. (2.19) can be rewrite 
into the form as expressed by:  
  ( Tó rôõT 
öñññ÷ø ç
                                          Eq. (6.9) 
Here, φ is the reduction factor; δR is the bias factor of sleeper bending strength; 
βT is the target reliability index which is determined by the safety level requirements 
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and is selected as the value of 4.0 for concrete sleeper design; β is the original 
reliability index which presented in Table 6.2.  
The bias factor of bending strength is derived from the ratio of the mean to the 
nominal value (design value) of bending strength. As provided by (ACI 318-2005), 
the relationship between the mean and design values is expressed by:  
<9  <ññññ + vKù9                                        Eq. (6.10) 
Where, Mun – Nominal value of bending strength, <ññññ – mean value of 
resistance, Kù9 - standard deviation of resistance and n – specific number, the sleeper 
strength is normally designed as lower 5th percentile and the specific number for that 
is 1.65 (ACI 318-2005). Eventually, the bias factors of the four types of tracks can be 
calculated. 
The nominal applied load value Sn in Eq. (6.8) is a combination of nominal 
static and nominal impact bending moments, which is the sum of the nominal static 
bending moment and the extreme impact bending moment. The mean of applied load 
is the combined mean value of static and impact bending moments. 
If the calculated strength reduction factor φ≥0.8, then the value of 0.8 can 
ensure the safely level meets the requirement, so value of 0.8 can be adopted; if not, 
the calculated value should be adopted. Substituting the relevant values into Eq. 
(6.8), the bending strength reduction factors of four types of tracks are obtained, as 
presented in Table 6.3. 
Table 6.3 Obtained bending strength reduction factors of four types of tracks 
 Bending strength reduction factor 
Heavy haul 0.78 
Freight 0.77 
Medium speed passenger 0.66 
High speed passenger 0.61 
 
According to the results of bending strength reduction factors, none of the 
values is higher than 0.8. So the strength reduction factors for all types of tracks must 
adopt the values in Table 6.3. However, which values are reliable to be applied to 
limit state equations, need to be confirmed through sensitivity analyses in next 
section. 
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6.5 SENSITIVITY ANALYSES 
In the previous section, the strength reduction factors have been derived. 
However, whether it is reliable to apply those reduction factors to the ultimate limit 
states design equations is still unclear because the parameters of track components 
also can be variable. 
In the previous analyses in Chapter 4, Section 4.2, 4.3, the parameters of 
sleepers, wheel loads, and wheel-rail dynamic forces are considered as variant and 
analysed by statistical methods, but the variations of track parameters were not 
considered. In reality, the parameters of track components also vary. So, the 
variations of the track components can affect the magnitude of the sleeper dynamic 
bending moment in sleepers under the certain wheel defect condition and eventually 
the reliability of limit states design equations. 
An appropriate analysis should be applied to ensure the reliability of the 
achieved limit states design equations of concrete sleeper which is the sensitivity 
analysis. It is used to investigate the variations of sleeper dynamic bending moment 
by increasing or decreasing the parameters of some track components, in order to 
find whether the load factors are reliable enough to be applied in limit states design 
equations. 
6.5.1 Selection of components and parameters 
All track parameters of components can vary from component to component. 
However, if considering variations of all track components parameters, the scope of 
analysis would be too big and some of the components may not significantly affect 
the sleepers. Therefore, selecting the parameters which significantly affect the 
sleepers is necessary for the analysis. 
The components, most likely to influence sleeper dynamic bending moment 
would be the components which are in contact with the sleeper, such as the rail pad 
and ballast. This is because the rail pad and ballast transfer the wheel-rail impact 
force from the top of rail to sleeper and the ballast transfer the support force from the 
base respectively and directly affect the sleeper dynamic bending moments. The key 
parameters affecting the sleepers are the stiffness and damping coefficients of the 
sleeper. In addition, the sleeper spacing significantly affects the wheel-rail force 
transfer to sleeper as demonstrated in (AS1085.14). Therefore, the parameters 
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selected for sensitivity analysis are the rail pad stiffness and damping coefficient, the 
ballast stiffness and damping coefficient and the sleeper spacing. The analysis will 
increase and decrease each parameter by up to 20%, to observe the variations of the 
sleeper dynamic bending moment values. 
6.5.2 Results and discussions 
This section will discuss the results and determine whether the derived strength 
reduction factors are reliable enough to be applied to the limit states design 
equations. 
6.5.2.1 From DTrack analysis 
As shown in the statistical analyses of Chapter 4, Section 4.3.1-4.3.2, the 
DTrack simulation has been applied to freight and medium speed passenger lines. 
Because their track parameters are very similar, the sensitivity analysis only takes the 
freight line into accout, because the freight wagons are heavier and the induced 
sleeper dynamic bending moments are greater than medium speed passenger coach 
carriages.   
Rail pad 
For the rail pad analysis, the results are presented in Table 6.4 and Figure 6.6. 
 
Table 6.4 Sensitivity analysis with rail pad 
 (a) Variation on stiffness 
Rail pad Original* +20% -20% 
Stiffness, MPa 200 240 160 
Sleeper dynamic 
bending moment, kNm 24.3 31.8 22.1 
 
 
(b) Variation on damping coefficient 
Rail pad Original* +20% -20% 
Damping coefficient 50 60 40 
Sleeper dynamic 
bending moment, kNm 24.3 24.6 24.0 
 
*Original – results from the DTrack simulation with the parameters presented in 
Table 3.1 
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Figure 6.6 The Sensitivity analysis of rail pad by DTrack 
 
According to the results, sleeper moment is more sensitive to the rail pad 
stiffness than it is to the damping coefficient, especially for values of the stiffness 
that are greater from the original value; the sleeper dynamic bending moment 
increased by approximately 30% over its original value. The sleeper dynamic 
bending moment did not vary strongly by changing the damping coefficient of rail 
pad. 
Track bed 
In the DTrack simulation software, there is no particular ballast layer specified, 
only the track bed which includes the ballast and formation, so the track bed is used 
instead of ballast. The results of analysis for track bed are presented in Table 6.5 and 
Figure 6.7. 
Table 6.5 Sensitivity analysis with track bed 
 (a) Variation on stiffness 
Track bed Original +20% -20% 
Stiffness, MPa 50.1 60.1 40.1 
Sleeper dynamic 
bending moment, kNm 24.3 22.1 29.7 
 
(b) Variation on damping coefficient 
Track bed Original +20% -20% 
Damping coefficient 159 190.8 127.2 
Sleeper dynamic 
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Figure 6.7 The Sensitivity analysis of track bed 
 
Figure 6.7 shows that, the higher stiffness or damping, the lower sleeper 
dynamic bending moment. This phenomenon can be explained by the relationship 
between the stiffness or damping and deformation at the rail seat, which is the lower 
stiffness or damping, the larger deformation at the rail seat. Larger deformation can 
cause higher bending moment at the rail seat. 
According to the results, the more sensitive parameter is the stiffness of track 
bed, and especially when the stiffness of track bed is reduced by 20%, the bending 
moment increases by about 22%. The same as the rail pad, the damping coefficient 
of track bed is also not quite sensitive.  
Sleeper spacing 
To test the sensitivity of sleeper spacing, the upper and lower limits for 
variation in spacing is required. According to the RailCorp Engineering standard 
(2012), the maximum tolerance for more than 600mm spacing is 50mm. So, apply 
±50mm to the analysis. The results are presented in Table 6.6 and Figure 6.8. 
 
Table 6.6 Sensitivity analysis with sleeper spacing 
 Original* +50mm -50mm 
Sleeper spacing, mm 680 730 630 
Total applied bending 
moment, kNm 35.5 35.2 39.7 
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Figure 6.8 The sensitivity analysis of sleeper spacing 
 
The results show that, reducing the sleeper spacing is more sensitive than 
increasing the sleeper spacing, the sleeper dynamic bending moment increases 
approximately 11% by decreasing the spacing for 50mm. 
 
Discussion 
According to all results from rail pad, track bed and sleeper spacing, the most 
sensitive parameter is the stiffness of both rail pad and track bed. Variations of 
sensitive parameters may cause a higher probability of failure. However, as discussed 
in Chapter 5, Section 5.2.3, during the impact, the sleeper bending strength is 
increased by up to 15%, and this extra reserve can provide the extra strength to 
withstand the impact load. Obviously, the extra strength is not enough to compensate 
the extra impact load. 
According to the results of static and dynamic bending moment of sleeper 
obtained in Section 6.2 and 6.3 for freight track, the dynamic bending moment 
comprises about 2/3 of the total bending moment. As the maximum increasing rate of 
the dynamic bending moment of 30%, the total applied load becomes 1.3 times 
higher than the original. The bending strength with dynamic effect becomes 1.15 
times higher than static bending strength. To substitute the increased applied load 
and bending strength into Eq. (6.8) and derive the strength reduction factor is 0.87, 
higher than 0.77. Therefore, applying the strength reduction factor of 0.77 is safer. 
The reliability index of medium speed passenger track is 4.325, according to 
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6.5.2.2 From FE model simulation 
For the HSPC case, the static axle load was chosen as the maximum value of 
19.5t, and the wheel flat size was chosen as the critical value of 50mm which were 
justified in Chapter 4. In ANSYS, the stiffness of material is not available as a 
specified parameter, but it is linearly related to one of the available specified 
parameters - Young’s Modulus (Fan & Yin, 2004). Therefore, Young’s modulus is 
used for analysis instead of stiffness. The sensitivity analyses from FE model 
simulation is based on parameter variations of the rail pad, ballast and sleeper 
spacing. 
For the rail pad analysis, the results for rail pad are presented in Table 6.7 and 
Figure 6.9. 
Table 6.7 Sensitivity analysis with rail pad 
(a) Variation on Young’s modulus 
Rail pad *Original +20% -20% 
Young’s modulus, MPa 1050 1260 840 
Sleeper dynamic 
bending moment, kNm 13.7 16.1 13.2 
 
(b) Variation on damping coefficient 
Rail pad *Original +20% -20% 
Damping coefficient 50000 60000 40000 
Sleeper dynamic 
bending moment, kNm 13.7 13.9 13.6 
*Original – results from the FE model with the parameters applied in FE model for 
high speed track 
 
 
According to the results from FEA, the rail pad Young’s modulus (related to 
stiffness) has more effect on sleeper moment than the damping coefficient, especially 
by increasing the stiffness value from the original value, the sleeper dynamic bending 
moment increases approximately 22% of the original value. The sleeper dynamic 
bending moment did not change greatly by changing the damping coefficient of rail 
pad as shown in Figure 6.9.  
 
 162 Chapter 6: Calibration of limit states design equations 
 
Figure 6.9 The Sensitivity analysis of rail pad by FEA 
 
Ballast 
The results of analysis by FEA for ballast are presented in Table 6.8 and Figure 6.10. 
Table 6.8 Sensitivity analysis with ballast 
(a) Variation on Young’s modulus 
Ballast Original +20% -20% 
Stiffness, kN/m 130 156 104 
Sleeper dynamic 
bending moment, kNm 13.7 13.2 15.1 
 
(b) Variation on damping coefficient 
Ballast Original +20% -20% 
Damping coefficient 31000 37000 24000 
Sleeper dynamic 
bending moment, kNm 13.7 13.5 14.1 
 
 
Figure 6.10 shows that, the higher Young’s modulus or damping, the lower 
dynamic bending moment. Because the Young’s modulus is related to stiffness, the 
reason can be explained as same as shown in Figure 6.8. According to the results, the 
more sensitive parameter is the Young’s modulus of ballast. Especially when 
reducing the Young’s modulus of ballast by 20%, the bending moment increases 
about 10%. The same as the rail pad, the damping coefficient of ballast is also not 
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Figure 6.10 The Sensitivity analysis of ballast by FEA 
 
Sleeper spacing 
To test the sensitivity of sleeper spacing in FEA, the upper and lower limits for 
variation also need to be selected. The maximum tolerance for design spacing of 
600mm (sleeper spacing for track of ICE2, mentioned in Chapter 3) is 50mm. So, 
apply ±50mm to the analysis. The results are presented in Table 6.9 and Figure 6.11. 
Table 6.9 Sensitivity analysis with sleeper spacing 
 Original +50mm -50mm 
Sleeper spacing, mm 600 650 550 
Total bending moment, 
kNm 20.7 20.6 22.4 
 
The results show that, increasing the sleeper spacing is more sensitive than 
reducing the sleeper spacing, and the sleeper bending dynamic moment increases 
approximately 7.6% by increasing the spacing for 50mm. 
Discussion 
As the maximum increasing rate of the dynamic bending moment is 22%, 
which means the total applied load becomes 1.3 times higher than the original. The 
bending strength with dynamic effect becomes 1.15 times higher than static bending 
strength. The same as the method applied to sensitivity analysis from DTrack, to 
substitute the increased applied load and bending strength into Eq. (6.8) and derive 
the strength reduction factor is 0.65, higher than 0.61. Therefore, applying the 
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Figure 6.11 The sensitivity analysis of sleeper spacing by FEA 
 
6.5.2.3 Conclusions 
In summary, therefore, the limit state equations for designing concrete sleepers 
for four types of tracks would be as follows, with the load factors in design codes are 
expressed by:  
0.78<9  1.12< I <o                             (Heavy haul track) 
0.77<9  1.08< I <o                                    (Freight track) 
                    0.66<9  1.1< I <o         (Medium speed passenger track) 
               0.61<9  1.1< I <o              (High speed passenger track) 
Eq. (6.11) 
Where Mu is the bending strength; Ms is the static bending moment of sleeper 
induced by the design value of the transient vehicle weight and MI is the impact 
bending moment induced in the sleeper by the ultimate design value of the sleeper 
dynamic bending moment for the return period appropriate for the importance 
category of the track. 
According to the sensitivity analyses, those equations should be added to the 
limits for use, which is that the stiffness of HDPE rail pad should not exceed 
240MPa and the track bed stiffness should not be lower than 40MPa for freight and 
medium speed passenger tracks.  
For high speed track, the rail pad material is also the same HDPE as previous 
ones, so the limits can be applied as the same as for freight and medium speed 
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decreases. Assuming the relationship between ballast depth and stiffness is linear 
according to Winkler’s theory, the limit can be that, the depth of ballast should not 
exceed original depth of 350mm for 20%, which is 420mm. 
In addition, on the railway track site, the static loads are easily available 
through vehicle design information and converted into static bending moment by the 
relevant formula. However, the extreme value of impact load is likely unavailable for 
a new railway track under design. However, according the results obtained in Section 
6.2, the extreme value of sleeper dynamic bending moment for each type of the 
tracks are approximately 2.4 times greater than the value of products of maximum 
(nominal) static bending moments and static load factors, which means, the extreme 
value of sleeper dynamic bending moment can be roughly calculated by twice the 
product of maximum static load and static load factor. It can facilitate the design 
process. 
6.6 SUMMARY 
In this chapter, the load factors of LSD equations for both static bending 
moment of sleeper for four types of track have been derived. The extreme sleeper 
dynamic bending moment has been derived through the Weibull functions fitted in 
Chapter 4, and the load factors of dynamic component for four types of tracks have 
been determined. 
The strength reduction factors of sleeper bending capacity have been derived 
by using the calibration method, and the sensitivity analyses were performed, aimed 
to test whether those strength factors are reliable to be applied into limit states design 
equations. The results show that, the range of strength reduction factors of 0.6 - 0.8 
which are provided by the Australian standard for concrete structure (AS3600) is 
reliable to be adopted by all types of tracks under the parameters of components used 
in analysis. However, to ensure the equations are fully reliable to be applied in 
design, the limits have been added, which are the stiffness and track bed stiffness 
limits for freight and medium speed passenger tracks, and ballast depth limit for high 
speed track. The approximate prediction of extreme values of sleeper dynamic 
bending moment has been provided. 
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Chapter 7: Conclusions and recommendations for 
further research 
This chapter summarises and concludes the thesis by the following content. 
The research objectives proposed in Chapter 1 are addressed with the conclusions 
from each of the chapters. The contributions of this study are discussed, and benefits 
to the real world from this research are evaluated. The limitations of this research are 
provided to ensure that using the outcomes from this research should be made to a 
feasible extent. Furthermore, the recommendations for further research are 
mentioned. In summary, the important achievements from this research are shown 
below: 
1. The 3-D FE models for wheel-track analyses in vertical direction have been 
established. It can be a powerful tool for numerical analysis of the dynamic 
properties of the wheel-track system, especially with wheel defects. 
2. The dynamic loads (including wheel-rail force and sleeper dynamic bending 
moment) can be reasonably assumed as complying with Weibull distributions.  
3. The load factors of track load of both static and dynamic components have been 
derived, and the limit states design equations for four types of tracks have been 
achieved with a suitable calibration method. 
7.1 SUMMARIES OF THESIS 
In this thesis, the proposed research objectives were achieved throughout 
Chapter 3 to Chapter 6.  
The primary achievement in Chapter 3 is the establishment of three 3-D FE 
models of track structures in ANSYS. These three 3-D finite element models for 
analysis of the deformation behaviour of railway track structures under impact forces 
induced by wheel flats for heavy haul, medium passenger and high speed tracks have 
been developed. The FE model for the heavy haul track was firstly validated by 
comparing its results with the results obtained by the DTrack simulation and by the 
theoretical analysis. It has been proven that the established FE model is effective and 
reliable for this research. The FE models can be powerful tools for numerical 
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analysis of the dynamic properties of the wheel-track system, especially with wheel 
defects. A parametric study has been performed. It has been found that the 
relationships between wheel-rail dynamic forces and wheel flat size, between wheel-
rail impact force and static loads were found to be non-linear and monotonically 
increasing. The relationships have provided a general idea towards generating the 
data samples. 
In Chapter 4, the achieved objective is the distributions of both static and 
dynamic bending moments of concrete sleepers induced by the track loads. The 
sleeper static bending moment is normally distributed. The mean, standard deviation 
and coefficient of variation have been calculated by relevant formulas, and those 
three parameters for the medium and high speed passenger tracks have also been 
derived with the relevant technique. These parameters are important to determine the 
load factor for the static load of the limit states design of concrete sleeper. The 
sleeper dynamic bending moment has been analysed based on the simulated data 
from DTrack and FE model. The distributions of sleeper dynamic bending moment 
have been found. Those distributions are reasonably assumed as Weibull 
distributions, and the distribution curves were fitted by appropriate functions. 
The static and dynamic bending strengths of concrete sleepers and their 
distributions were studied in Chapter 5. The Monte Carlo method has been applied to 
analyse the distribution derivation of the bending strength of sleepers. It has been 
found that both the static and impact bending strengths of four types of sleepers are 
normally distributed, and then the means and standard deviations have been 
calculated. The impact bending strength analysis illustrated that, the impact force can 
increase the bending strength by approximately 1.15 times for all types of sleepers. 
This conclusion contributes to better rating the serviceability of existing sleepers. 
Also, with consideration of impact bending strength, the sleeper bending capacity 
can be better evaluated for limit states design especially when the bending capacities 
of some available sleepers are considered as ‘not strong enough’. 
Many important objectives were achieved in Chapter 6. In this chapter, the load 
factors for the static bending moment of sleepers for four types of track have been 
derived, and the dynamic load factors for four types of tracks have been determined. 
The reliability indices for different tracks have been determined. The strength 
reduction factors of sleeper bending capacity have been obtained by the calibration 
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method. The sensitivity analyses were performed aiming to investigate whether those 
strength factors are reliable to be applied into the limit states design equations. The 
results show that, the value of strength reduction factor 0.6 - 0.8 which is provided 
by the Australian standard for concrete structure (AS3600) is reliable to be adopted 
by all types of tracks under the parameters of components used in the analysis. Hence 
the obtained four values which are in the range of 0.6 - 0.8 were applied to the limit 
states design equations. In addition, the limits have been added, which are the track 
bed stiffness for freight and medium speed passenger tracks, and the ballast depth for 
high speed track. Furthermore, the approximate prediction for the extreme value of 
the impact bending moment of the sleeper has been provided. The added limits are to 
ensure the limit states design equations of prestressed concrete sleepers are totally 
reliable to be used for the track designers and engineers. 
7.2 RESEARCH LIMITATIONS 
The main limitations for this research are listed below.  
1. The FE model 
To highlight the main properties of the problem, some simplifications have 
been used in the FE model developed. It was developed to analyse only the vertical 
loading on the track structure; the results presented in the thesis apply to only one 
combination of wheel and track characteristics; conicity of the wheel has not been 
included; friction of ballast against the sides of the sleepers and contributions from 
fasteners to the rail-sleeper interface were not considered.  
2. The distributions functions 
The derived distribution functions in Chapter 4 are particularly applied to the 
selected tracks in this research. The distributions are varying as well as the variation 
of loads on the tracks. Hence, there is no consistent function capable of describing all 
types of track loadings.  
3. Limit states design equations 
The limit states design equations are applied to the sleepers on the tracks which 
comply with the current railway transport situations. In the future, the equations may 
need to be developed according to the changes in different situations of railway 
transport. 
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4. Consideration of static load growth on track 
As illustrated in Chapter 6, the growth of static load on railway track was 
unavailable, the design period of static load was not considered in the calibration of 
ultimate limit states design equations. Therefore, to apply these limit states design 
equations, the static load should not be allowed to exceed the nominal design load 
values in track use life. 
In summary, some simplifications and assumptions have been used in this 
research to make the study possible. The recommended further research will be 
discussed in the following section.  
7.3 RECOMMENDATIONS FOR FURTHER RESEARCH 
As discussed above, the outcomes of this research contribute to the railway 
engineering and track safety area but still have limitations. Therefore, this area has a 
large capacity for development in further research. The recommendations for further 
research include: 
1. Limit states design equations of prestressed concrete sleepers for 
serviceability and damageability limit states. 
In this research, the developed limit states design equations are only applied 
to the ultimate limit states. As proposed by (Remennikov, Murray & 
Kaewunruen, 2008), there are two other limit states for prestressed concrete 
sleepers named the serviceability and damageability limit states. The limit 
states design equations for those two types of limit states have not been 
developed. Therefore, future research can focus on developing the limit states 
design equations to those two types of limit states for concrete sleeper. 
2. Shear effects in prestressed concrete sleepers 
This research only concentrated on analyses of ultimate flexural limit states, 
the shear effect was not considered. In reality, the shear effect can be an 
important factor in causing sleeper failure. Therefore, the shear effects will be 
considered in further research on limit state design of prestressed concrete 
sleepers.  
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As the analysis of ultimate shear limit states is recommended to be 
considered in further research, the statistical analyses of shear strength of 
sleeper and shear force induced by applied track load need to be included. 
3. Consideration of static load growth on railway track 
As illustrated in Chapter 6, considering the static load growth on railway 
track can improve the limit states design method of PC sleepers. Therefore, 
the static load growth on railway track is recommended to be considered in 
the calibration method of limit states design of PC sleepers in the future. 
4. Consideration of the real loading conditions and geometries of wheel profiles 
in FEA for track structure 
This research is limited to the analysis under the vertical loading. The loads 
on track structures can be in different directions. Therefore, the future 
research in track structure loading analyses can be expanded into the 
horizontal direction, which needs to consider the real geometries of the wheel 
profiles, friction of ballast against the sides of the sleepers and the effects 
from fasteners to the rail-sleeper interface.  
5. Wheel-track system vibration 
The wheel-track system is a dynamic system under the dynamic force 
induced by wheel-rail defects. The impact force can lead to the track structure 
vibration, as the sleepers are included. Therefore, in future research, the track 
structure vibration should be studied. It will not only contribute to the fatigue 
research of concrete sleepers, but also profoundly contribute to 
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Appendices  
Appendix A Existing measure data from railway sites 
Table A.1 Data from Braeside Heavy Haul line (Leong, 2006) 
Impact 
Force 
Mar-05 May-05 Jun-05 Jul-05 Aug-05 Sep-05 Oct-05 
<50 260,508 312,682 256,488 313,234 306,182 281,130 303,428 
50-60 965 1,598 921 1,113 1,149 1,012 1,098 
60-70 930 1,352 955 1,311 1,296 831 1,276 
70-80 1,272 1,840 1,489 1,686 1,638 1,225 1,716 
80-90 1,437 6,026 1,819 2,149 2,266 1,816 2,410 
90-100 907 2,301 858 1,296 1,286 771 1,145 
100-110 903 4,997 1,465 1,517 1,596 1,472 2,006 
110-120 327 962 328 421 503 189 525 
120-130 404 1,328 620 682 630 345 599 
130-140 393 930 483 577 515 347 423 
140-150 294 573 358 438 408 267 367 
150-160 220 499 241 360 275 224 284 
160-170 157 279 169 270 161 173 227 
170-180 115 185 128 175 138 127 144 
180-190 76 123 82 167 97 83 108 
190-200 55 76 74 113 67 51 63 
200-210 42 73 52 76 47 37 48 
210-220 35 45 43 44 36 21 45 
220-230 21 49 34 48 27 17 27 
230-240 15 19 20 44 27 9 24 
240-250 17 12 18 37 16 7 14 
250-260 18 20 11 20 14 6 10 
260-270 13 8 13 14 8 10 7 
270-280 7 9 13 9 5 2 6 
280-290 4 12 4 10 10 0 5 
290-300 6 6 6 3 6 0 2 
300-310 3 4 4 5 2 1 2 
310-320 7 6 1 3 1 1 0 
320-330 4 7 3 5 0 0 0 
330-340 3 1 2 3 2 2 2 
340-350 0 4 1 2 1 0 0 
350-360 2 1 2 1 0 0 0 
360-370 0 3 0 0 2 0 0 
370-380 1 3 1 0 1 1 1 
380-390 0 0 0 0 0 0 1 
390-400 1 0 0 0 0 1 0 
400-410 0 0 0 0 0 0 1 
410-420 0 0 0 0 0 0 0 
420-430 0 0 0 1 0 0 0 
430-440 2 0 0 0 0 0 0 
440-450 1 0 0 0 0 0 0 
450-460 1 0 1 0 0 0 0 
460-470 0 0 0 0 0 0 0 
470-480 0 0 0 0 0 0 0 
480-490 3 0 0 0 0 0 0 
490-500 0 0 1 0 0 0 0 
500-510 0 0 0 0 0 0 0 
510-520 0 0 0 0 0 0 0 
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520-530 0 0 0 0 0 0 0 
530-540 1 0 0 0 0 0 0 
540-550 0 0 0 0 0 0 0 
550-560 0 0 0 0 0 0 0 
560-570 0 0 0 0 0 0 0 
570-580 0 0 0 0 0 0 0 
580-590 0 1 0 0 0 0 0 
590-600 0 0 0 0 0 0 0 
>600 0 0 0 0 0 0 0 
Total 
Wheels:- 
269,170 336,034 266,708 325,834 318,413 290,178 316,014 
*The 230kN is the dangerous impact force value based on Code of Practice V5 
Rolling Stock 
 









Tonne Impact A 
Impact 
B 
183 RQTY 000003 45 80 4 Containers 20.9 0 0 
263 RQTY 000006 65 38 4 Containers 11 0 0 
95 RQTY 000006 23 43 4 Containers 6.9 0 0 
39 RQTY 000006 9 40 4 Containers 9.2 0 0 
199 RQTY 000007 49 61 4 Containers 19.4 0 0 
201 RQTY 000007 49 61 4 Containers 11.2 0 0 
79 RQTY 000009 19 37 4 Containers 8.5 0 0 
95 RQTY 000009 23 55 4 Containers 7.4 0 0 
143 RQTY 000011 35 40 4 Containers 10.4 0 0 
199 RQTY 000011 49 57 4 Containers 16.9 0 0 
201 RQTY 000011 49 57 4 Containers 11.7 108 95 
155 RQTY 000011 38 28 4 Containers 6.9 0 0 
185 RQTY 000026 46 31 4 Containers 7.5 109 94 
247 RQTY 000036 61 51 4 Containers 13.2 94 109 
179 RQTY 000039 44 28 4 Containers 6.9 0 0 
255 RQTY 000040 63 47 4 Containers 12.3 0 0 
103 RQTY 000040 25 51 4 Containers 17.5 0 0 
31 RQTY 000040 7 69 4 Containers 17.9 0 0 
149 RQTY 000046 37 32 4 Containers 7.6 0 0 
27 RQTY 000053 6 70 4 Containers 18.8 0 0 
183 RQTY 000056 45 86 4 Containers 21 0 0 
171 RQTY 000056 42 27 4 Containers 6.8 0 0 
163 RQTY 000058 40 39 4 Containers 8.8 0 0 
267 RQTY 000058 66 55 4 Containers 11.7 0 0 
267 RQTY 000062 66 86 4 Containers 22.5 0 0 




133 RQTY 000508 33 76 4 Containers 19.2 0 0 
75 RQTY 000552 18 72 4 Containers 17.1 0 0 
203 RQTY 000555 50 54 4 Containers 10.3 0 0 
39 RQTY 000584 9 37 4 Containers 7.9 112 95 
231 RQTY 000584 57 52 4 Containers 8.3 0 0 
191 RQTY 000590 47 31 4 Containers 8.1 0 0 
35 RQTY 000590 8 49 4 Containers 15.3 0 0 
55 RQTY 000597 13 74 4 Containers 19.4 0 0 
59 RQTY 000620 14 54 4 Containers 16.2 0 0 
75 RQTY 000620 18 50 4 Containers 9 0 0 
179 RQTY 000623 44 36 4 Containers 8.9 0 0 
255 RQTY 000623 63 41 4 Containers 8.6 96 121 
71 RQTY 000627 17 38 4 Containers 10.5 0 0 
187 RQTY 000627 46 66 4 Containers 20.1 0 0 
31 RQTY 000635 7 66 4 Containers 12.9 0 0 
239 RQTY 000635 59 77 4 Containers 20 0 0 
115 RQTY 000641 28 67 4 Containers 17.8 0 0 
19 RQTY 000641 4 72 4 Containers 18.4 135 0 
117 RQTY 000655 28 19 4 Containers 4.9 0 0 
235 RQTY 000674 58 51 4 Containers 13.2 0 0 
55 RQTY 000674 13 79 4 Containers 20.5 0 0 
79 RQTY 000674 19 68 4 Containers 18.5 0 0 
111 RQTY 000677 27 62 4 Containers 15.1 0 0 
23 RQTY 000677 5 76 4 Containers 18.4 0 0 
143 RQTY 000678 35 78 4 Containers 21.8 0 0 
145 RQTY 000688 36 50 4 Containers 13.6 0 0 
107 RQTY 000698 26 78 4 Containers 18.6 0 0 
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Appendix B Derivation of wheel flat distribution based on the assumption of 
conversion from impact force distribution of Heavy Haul track  
1. Using DTrack to simulate the impact force corresponding to the wheel flat sizes 
which are from 10mm to 80mm as proposed in Section 4.4.3. The parameters for 
DTrack simulation are presented in Table B.1. 
2. Set the wheel flat size from 5mm to 80mm with interval of 5mm into DTrack with 
the parameters presented in Table B.1 respectively, to obtain the impact force 
corresponding to each wheel flat size. 
3. Substitute the obtained impact force values into Eq. (4.19), the probability of 
occurrence can be derived. The calculated impact values are presented in Table 4.7. 
 
Table B.1 The parameters of heavy haul track for DTrack simulation 
a. The track parameters of freight track analysis (Leong, 2006) 
Items Parameters 
Rail AS 60kg/m; standard gauge(1067mm) 
Rail pad HDPE material  (200kN/m stiffness; 50kNs/m damping) 
Sleeper QR Concrete (2200 length; 250 bottom width; 208 depth); 685mm 
spacing 
Track bed Medium stiffness track bed (50.1kN/m stiffness; 159kNs/m damping) 
 
b. The vehicle parameters of freight track analysis (Leong, 2006) 
Vehicle body RQTY freight wagon with tare mass 18 tonne, various carried mass 
Bogie Side frame mass: 500kg; Primary suspension stiffness: 2MN/m 
Wheel 457.5mm rolling radius, 360mm contact radius 












Appendix C Derivation of extreme impact bending moment values by 
extrapolating the derived Weibull functions of impact bending moments 
1. Using the function of probability of occurrence of impact force/sleeper 
dynamic bending moment according to Eq. (4.19), the function of distribution 
curve of impact force/ bending moment is expressed by: 
m  82 jæçbÊèç exp Ù+ /jæè 1Ú , m                        Eq. (C.1) 
2. Calculate the probability of occurrence of the extreme impact force/sleeper 
dynamic bending moment values by Eq. (6.5).  
3. Substitute the value of probability of occurrence of the extreme values (here, 
the value is represented by ‘p’) into Eq. (4.19), the equation becomes: 
l  82 jæçbÊèç exp Ù+ /jæè 1Ú                                        Eq. (C.2) 
Rewrite the equation, obtain 
Xv èçq + } + 1 lnm +  I /jæè 1  0                                 Eq. (C.3) 
The solution of this equation is the extreme value of wheel-rail impact force 
(for heavy haul track) or sleeper dynamic bending moment (for freight, 























 186 Appendices 
Appendix D Tables of generated data from simulations for statistical analyses of 
sleeper dynamic bending moment 
D.1 For freight track 
Table D.1 Sleeper dynamic bending moment at rail seat on freight track 
mm/ton 11 12 13 14 15 16 17 18 
10 1.5 1.5 1.6 1.6 1.7 1.7 1.8 1.9 
15 2.5 2.6 2.7 2.8 2.9 3.1 3.2 3.3 
20 3.4 3.6 3.8 4.0 4.2 4.3 4.5 4.7 
25 4.4 4.6 4.9 5.1 5.4 5.6 5.8 6.1 
30 5.3 5.6 5.9 6.2 6.5 6.8 7.1 7.4 
35 6.2 6.6 6.9 7.3 7.7 8.0 8.4 8.7 
40 7.1 7.5 7.9 8.3 8.8 9.2 9.6 10.0 
45 8.0 8.4 8.9 9.4 9.8 10.3 10.8 11.2 
50 8.8 9.3 9.9 10.4 10.9 11.4 11.9 12.4 
55 9.7 10.2 10.8 11.4 11.9 12.5 13.0 13.6 
60 10.5 11.1 11.7 12.3 12.9 13.5 14.1 14.7 
65 11.3 11.9 12.6 13.2 13.9 14.5 15.2 15.8 
70 12.0 12.7 13.4 14.1 14.8 15.5 16.2 16.9 
75 12.8 13.5 14.3 15.0 15.7 16.5 17.2 17.9 
80 13.5 14.3 15.1 15.8 16.6 17.4 18.2 18.9 
 
mm/ton 19 20 21 22 23 24 25 
10 1.9 2.0 2.0 2.1 2.1 2.2 2.2 
15 3.4 3.5 3.7 3.8 3.9 4.0 4.1 
20 4.9 5.1 5.3 5.4 5.6 5.8 6.0 
25 6.3 6.6 6.8 7.0 7.3 7.5 7.8 
30 7.7 8.0 8.3 8.6 8.9 9.2 9.5 
35 9.1 9.4 9.8 10.2 10.5 10.9 11.2 
40 10.4 10.8 11.2 11.6 12.1 12.5 12.9 
45 11.7 12.2 12.6 13.1 13.6 14.0 14.5 
50 13.0 13.5 14.0 14.5 15.0 15.5 16.0 
55 14.2 14.7 15.3 15.9 16.4 17.0 17.6 
60 15.4 16.0 16.6 17.2 17.8 18.4 19.0 
65 16.5 17.2 17.8 18.5 19.1 19.8 20.4 
70 17.6 18.3 19.0 19.7 20.4 21.1 21.8 
75 18.7 19.4 20.2 20.9 21.6 22.4 23.1 





Table D.2 Probability of occurrence of sleeper dynamic bending moments at rail seat 
on freight track 
mm/ton 11 12 13 14 15 16 17 18 
10 7.74E-04 1.11E-03 1.51E-03 1.95E-03 2.38E-03 2.76E-03 3.02E-03 3.14E-03 
15 3.86E-04 5.55E-04 7.56E-04 9.74E-04 1.19E-03 1.38E-03 1.51E-03 1.57E-03 
20 1.45E-04 2.08E-04 2.83E-04 3.64E-04 4.45E-04 5.15E-04 5.65E-04 5.87E-04 
25 7.59E-05 1.09E-04 1.48E-04 1.91E-04 2.34E-04 2.70E-04 2.96E-04 3.08E-04 
30 4.24E-05 6.09E-05 8.29E-05 1.07E-04 1.31E-04 1.51E-04 1.66E-04 1.72E-04 
35 2.18E-05 3.13E-05 4.26E-05 5.50E-05 6.71E-05 7.77E-05 8.52E-05 8.84E-05 
40 1.34E-05 1.93E-05 2.63E-05 3.39E-05 4.14E-05 4.79E-05 5.25E-05 5.45E-05 
45 5.81E-06 8.35E-06 1.14E-05 1.46E-05 1.79E-05 2.07E-05 2.27E-05 2.36E-05 
50 1.98E-06 2.84E-06 3.87E-06 4.99E-06 6.09E-06 7.05E-06 7.73E-06 8.03E-06 
55 2.18E-07 3.14E-07 4.27E-07 5.51E-07 6.73E-07 7.79E-07 8.53E-07 8.86E-07 
60 5.10E-08 7.33E-08 9.98E-08 1.29E-07 1.57E-07 1.82E-07 1.99E-07 2.07E-07 
65 4.96E-09 7.13E-09 9.70E-09 1.25E-08 1.53E-08 1.77E-08 1.94E-08 2.01E-08 
70 1.47E-10 2.11E-10 2.87E-10 3.70E-10 4.51E-10 5.22E-10 5.73E-10 5.95E-10 
75 5.17E-12 7.42E-12 1.01E-11 1.30E-11 1.59E-11 1.84E-11 2.02E-11 2.10E-11 
80 3.71E-13 5.33E-13 7.26E-13 9.36E-13 1.14E-12 1.32E-12 1.45E-12 1.51E-12 
 
mm/ton 19 20 21 22 23 24 25 
10 3.09E-03 2.88E-03 2.54E-03 2.13E-03 1.69E-03 1.27E-03 9.01E-04 
15 1.54E-03 1.44E-03 1.27E-03 1.06E-03 8.42E-04 6.32E-04 4.50E-04 
20 5.77E-04 5.38E-04 4.75E-04 3.97E-04 3.15E-04 2.36E-04 1.68E-04 
25 3.03E-04 2.82E-04 2.49E-04 2.09E-04 1.65E-04 1.24E-04 8.83E-05 
30 1.69E-04 1.58E-04 1.39E-04 1.17E-04 9.24E-05 6.93E-05 4.93E-05 
35 8.70E-05 8.11E-05 7.16E-05 5.99E-05 4.75E-05 3.57E-05 2.54E-05 
40 5.37E-05 5.00E-05 4.42E-05 3.69E-05 2.93E-05 2.20E-05 1.56E-05 
45 2.32E-05 2.16E-05 1.91E-05 1.60E-05 1.27E-05 9.50E-06 6.76E-06 
50 7.90E-06 7.36E-06 6.50E-06 5.44E-06 4.31E-06 3.24E-06 2.30E-06 
55 8.72E-07 8.13E-07 7.18E-07 6.01E-07 4.76E-07 3.57E-07 2.54E-07 
60 2.04E-07 1.90E-07 1.68E-07 1.40E-07 1.11E-07 8.35E-08 5.94E-08 
65 1.98E-08 1.85E-08 1.63E-08 1.36E-08 1.08E-08 8.12E-09 5.77E-09 
70 5.85E-10 5.46E-10 4.82E-10 4.03E-10 3.19E-10 2.40E-10 1.71E-10 
75 2.06E-11 1.92E-11 1.70E-11 1.42E-11 1.13E-11 8.45E-12 6.01E-12 
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D.2 For medium speed passenger track 
Table D.3 Sleeper dynamic bending moment at rail seat on medium speed passenger 
track 
mm/ton 7 7.5 8 8.5 9 9.5 10 10.5 11 
10 1.0 1.0 1.1 1.1 1.2 1.2 1.3 1.3 1.4 
15 1.6 1.7 1.8 1.9 1.9 2.0 2.1 2.1 2.2 
20 2.3 2.4 2.5 2.6 2.7 2.8 2.9 3.0 3.1 
25 3.0 3.1 3.3 3.4 3.5 3.7 3.8 4.0 4.1 
30 3.6 3.8 4.0 4.2 4.4 4.6 4.8 4.9 5.1 
35 4.3 4.5 4.8 5.0 5.3 5.5 5.7 6.0 6.2 
40 5.0 5.3 5.6 5.9 6.2 6.5 6.8 7.1 7.4 
45 5.4 5.8 6.1 6.4 6.8 7.1 7.4 7.8 8.1 
50 5.8 6.2 6.5 6.9 7.3 7.6 8.0 8.4 8.8 
55 6.1 6.5 6.9 7.3 7.7 8.1 8.5 8.9 9.3 
60 6.4 6.9 7.3 7.7 8.1 8.6 9.0 9.4 9.8 
65 6.7 7.2 7.6 8.0 8.5 8.9 9.4 9.8 10.2 
70 7.0 7.4 7.9 8.3 8.8 9.2 9.7 10.1 10.6 
75 7.2 7.6 8.1 8.5 9.0 9.5 9.9 10.4 10.9 
80 7.3 7.8 8.3 8.7 9.2 9.7 10.1 10.6 11.1 
 
(Continue) 
mm/ton 11.5 12 12.5 13 13.5 14 14.5 15 
10 1.4 1.5 1.5 1.6 1.6 1.7 1.7 1.8 
15 2.3 2.4 2.4 2.5 2.6 2.6 2.7 2.8 
20 3.2 3.3 3.4 3.5 3.6 3.7 3.8 4.0 
25 4.2 4.4 4.5 4.7 4.8 4.9 5.1 5.2 
30 5.3 5.5 5.7 5.9 6.1 6.3 6.4 6.6 
35 6.5 6.7 6.9 7.2 7.4 7.7 7.9 8.2 
40 7.7 8.0 8.3 8.6 8.9 9.2 9.5 9.8 
45 8.4 8.8 9.1 9.4 9.8 10.1 10.5 10.8 
50 9.1 9.5 9.9 10.2 10.6 11.0 11.3 11.7 
55 9.7 10.1 10.5 10.9 11.3 11.7 12.1 12.5 
60 10.2 10.7 11.1 11.5 11.9 12.4 12.8 13.2 
65 10.7 11.1 11.6 12.0 12.4 12.9 13.3 13.8 
70 11.0 11.5 12.0 12.4 12.9 13.3 13.8 14.2 
75 11.3 11.8 12.3 12.7 13.2 13.6 14.1 14.6 







Table D.4 Probability of occurrence of sleeper dynamic bending moments at rail seat 
on medium speed passenger track 
mm/ton 7 7.5 8 8.5 9 9.5 10 10.5 11 
10 6.96E-04 9.48E-04 1.24E-03 1.56E-03 1.89E-03 2.19E-03 2.45E-03 2.62E-03 2.70E-03 
15 3.47E-04 4.73E-04 6.20E-04 7.80E-04 9.42E-04 1.09E-03 1.22E-03 1.31E-03 1.35E-03 
20 1.30E-04 1.77E-04 2.32E-04 2.92E-04 3.52E-04 4.09E-04 4.57E-04 4.90E-04 5.04E-04 
25 6.82E-05 9.29E-05 1.22E-04 1.53E-04 1.85E-04 2.15E-04 2.40E-04 2.57E-04 2.65E-04 
30 3.81E-05 5.19E-05 6.80E-05 8.55E-05 1.03E-04 1.20E-04 1.34E-04 1.44E-04 1.48E-04 
35 1.96E-05 2.67E-05 3.49E-05 4.40E-05 5.31E-05 6.17E-05 6.89E-05 7.38E-05 7.61E-05 
40 1.21E-05 1.65E-05 2.15E-05 2.71E-05 3.28E-05 3.81E-05 4.25E-05 4.55E-05 4.69E-05 
45 5.22E-06 7.11E-06 9.32E-06 1.17E-05 1.42E-05 1.65E-05 1.84E-05 1.97E-05 2.03E-05 
50 1.78E-06 2.42E-06 3.17E-06 3.99E-06 4.82E-06 5.60E-06 6.25E-06 6.70E-06 6.90E-06 
55 1.96E-07 2.67E-07 3.50E-07 4.41E-07 5.33E-07 6.19E-07 6.90E-07 7.40E-07 7.62E-07 
60 4.58E-08 6.25E-08 8.18E-08 1.03E-07 1.24E-07 1.44E-07 1.61E-07 1.73E-07 1.78E-07 
65 4.46E-09 6.08E-09 7.96E-09 1.00E-08 1.21E-08 1.41E-08 1.57E-08 1.68E-08 1.73E-08 
70 1.32E-10 1.80E-10 2.35E-10 2.96E-10 3.57E-10 4.15E-10 4.63E-10 4.97E-10 5.12E-10 
75 4.64E-12 6.33E-12 8.28E-12 1.04E-11 1.26E-11 1.46E-11 1.63E-11 1.75E-11 1.80E-11 
80 3.34E-13 4.55E-13 5.95E-13 7.49E-13 9.05E-13 1.05E-12 1.17E-12 1.26E-12 1.30E-12 
 
(Continue) 
mm/ton 11.5 12 12.5 13 13.5 14 14.5 15 
10 2.67E-03 2.54E-03 2.32E-03 2.04E-03 1.72E-03 1.39E-03 1.08E-03 8.11E-04 
15 1.33E-03 1.27E-03 1.16E-03 1.02E-03 8.58E-04 6.95E-04 5.41E-04 4.05E-04 
20 4.99E-04 4.75E-04 4.34E-04 3.81E-04 3.21E-04 2.60E-04 2.02E-04 1.51E-04 
25 2.62E-04 2.49E-04 2.28E-04 2.00E-04 1.68E-04 1.36E-04 1.06E-04 7.95E-05 
30 1.46E-04 1.39E-04 1.27E-04 1.12E-04 9.41E-05 7.63E-05 5.94E-05 4.44E-05 
35 7.53E-05 7.16E-05 6.54E-05 5.74E-05 4.84E-05 3.92E-05 3.05E-05 2.28E-05 
40 4.64E-05 4.41E-05 4.03E-05 3.54E-05 2.98E-05 2.42E-05 1.88E-05 1.41E-05 
45 2.01E-05 1.91E-05 1.74E-05 1.53E-05 1.29E-05 1.05E-05 8.14E-06 6.09E-06 
50 6.83E-06 6.50E-06 5.94E-06 5.21E-06 4.39E-06 3.56E-06 2.77E-06 2.07E-06 
55 7.54E-07 7.17E-07 6.55E-07 5.75E-07 4.85E-07 3.93E-07 3.06E-07 2.29E-07 
60 1.76E-07 1.68E-07 1.53E-07 1.34E-07 1.13E-07 9.18E-08 7.15E-08 5.35E-08 
65 1.71E-08 1.63E-08 1.49E-08 1.31E-08 1.10E-08 8.93E-09 6.95E-09 5.20E-09 
70 5.06E-10 4.81E-10 4.40E-10 3.86E-10 3.26E-10 2.64E-10 2.05E-10 1.54E-10 
75 1.78E-11 1.70E-11 1.55E-11 1.36E-11 1.15E-11 9.30E-12 7.24E-12 5.41E-12 
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D.3 For high speed passenger track 
Table D.5 Sleeper dynamic bending moment at rail seat on high speed passenger 
track 
mm/ton 9 9.5 10 10.5 11 11.5 12 12.5 
10 3.3 3.4 3.6 3.8 3.9 4.1 4.2 4.4 
15 3.6 3.8 4.0 4.1 4.3 4.5 4.6 4.8 
20 4.0 4.2 4.4 4.5 4.7 4.9 5.1 5.2 
25 4.4 4.6 4.8 5.0 5.2 5.4 5.5 5.7 
30 4.8 5.0 5.2 5.4 5.6 5.9 6.1 6.3 
35 5.2 5.4 5.7 5.9 6.1 6.4 6.6 6.9 
40 5.6 5.9 6.1 6.4 6.7 7.0 7.2 7.5 
45 6.0 6.3 6.6 6.9 7.3 7.6 7.9 8.2 
50 6.4 6.8 7.1 7.5 7.9 8.2 8.6 8.9 
 
Continue 
mm/ton 13 13.5 14 14.5 15 15.5 16 16.5 
10 4.5 4.7 4.8 5.0 5.1 5.3 5.4 5.6 
15 4.9 5.1 5.3 5.4 5.6 5.7 5.9 6.1 
20 5.4 5.6 5.8 5.9 6.1 6.3 6.5 6.6 
25 5.9 6.1 6.3 6.5 6.7 6.9 7.1 7.3 
30 6.5 6.7 6.9 7.1 7.4 7.6 7.8 8.0 
35 7.1 7.4 7.6 7.9 8.1 8.3 8.6 8.8 
40 7.8 8.1 8.3 8.6 8.9 9.2 9.5 9.7 
45 8.5 8.8 9.1 9.5 9.8 10.1 10.4 10.7 
50 9.3 9.6 10.0 10.4 10.7 11.1 11.4 11.8 
 
Continue 
mm/ton 17 17.5 18 18.5 19 19.5 
10 5.7 5.9 6.1 6.2 6.4 6.5 
15 6.2 6.4 6.6 6.7 6.9 7.0 
20 6.8 7.0 7.2 7.3 7.5 7.7 
25 7.5 7.7 7.9 8.0 8.2 8.4 
30 8.2 8.4 8.7 8.9 9.1 9.3 
35 9.1 9.3 9.6 9.8 10.0 10.3 
40 10.0 10.3 10.6 10.8 11.1 11.4 
45 11.0 11.3 11.7 12.0 12.3 12.6 







Table D.6 Probability of occurrence of sleeper dynamic bending moments at rail seat 
on high speed passenger track 
mm/ton 9 9.5 10 10.5 11 11.5 12 12.5 
10 5.64E-04 7.19E-04 8.93E-04 1.08E-03 1.28E-03 1.48E-03 1.67E-03 1.83E-03 
15 2.82E-04 3.59E-04 4.46E-04 5.41E-04 6.40E-04 7.39E-04 8.33E-04 9.16E-04 
20 1.05E-04 1.34E-04 1.67E-04 2.02E-04 2.39E-04 2.76E-04 3.11E-04 3.43E-04 
25 5.53E-05 7.04E-05 8.75E-05 1.06E-04 1.26E-04 1.45E-04 1.63E-04 1.80E-04 
30 3.09E-05 3.94E-05 4.89E-05 5.93E-05 7.02E-05 8.11E-05 9.14E-05 1.00E-04 
35 1.59E-05 2.02E-05 2.51E-05 3.05E-05 3.61E-05 4.17E-05 4.70E-05 5.17E-05 
40 9.80E-06 1.25E-05 1.55E-05 1.88E-05 2.22E-05 2.57E-05 2.90E-05 3.19E-05 
45 4.23E-06 5.39E-06 6.70E-06 8.13E-06 9.62E-06 1.11E-05 1.25E-05 1.38E-05 
50 1.44E-06 1.84E-06 2.28E-06 2.77E-06 3.28E-06 3.78E-06 4.26E-06 4.69E-06 
 
Continue 
mm/ton 13 13.5 14 14.5 15 15.5 16 16.5 
10 1.97E-03 2.06E-03 2.11E-03 2.10E-03 2.05E-03 1.95E-03 1.80E-03 1.63E-03 
15 9.83E-04 1.03E-03 1.05E-03 1.05E-03 1.02E-03 9.71E-04 9.00E-04 8.15E-04 
20 3.68E-04 3.85E-04 3.94E-04 3.93E-04 3.82E-04 3.63E-04 3.37E-04 3.05E-04 
25 1.93E-04 2.02E-04 2.07E-04 2.06E-04 2.01E-04 1.91E-04 1.77E-04 1.60E-04 
30 1.08E-04 1.13E-04 1.15E-04 1.15E-04 1.12E-04 1.07E-04 9.88E-05 8.94E-05 
35 5.55E-05 5.81E-05 5.94E-05 5.92E-05 5.77E-05 5.48E-05 5.08E-05 4.59E-05 
40 3.42E-05 3.58E-05 3.66E-05 3.65E-05 3.56E-05 3.38E-05 3.13E-05 2.83E-05 
45 1.48E-05 1.55E-05 1.58E-05 1.58E-05 1.54E-05 1.46E-05 1.35E-05 1.22E-05 
50 5.03E-06 5.27E-06 5.39E-06 5.38E-06 5.23E-06 4.97E-06 4.61E-06 4.17E-06 
 
Continue 
mm/ton 17 17.5 18 18.5 19 19.5 
10 1.44E-03 1.24E-03 1.04E-03 8.57E-04 6.86E-04 5.36E-04 
15 7.19E-04 6.20E-04 5.21E-04 4.28E-04 3.42E-04 2.68E-04 
20 2.69E-04 2.32E-04 1.95E-04 1.60E-04 1.28E-04 1.00E-04 
25 1.41E-04 1.22E-04 1.02E-04 8.39E-05 6.72E-05 5.25E-05 
30 7.89E-05 6.80E-05 5.72E-05 4.69E-05 3.76E-05 2.94E-05 
35 4.06E-05 3.50E-05 2.94E-05 2.41E-05 1.93E-05 1.51E-05 
40 2.50E-05 2.16E-05 1.81E-05 1.49E-05 1.19E-05 9.31E-06 
45 1.08E-05 9.32E-06 7.83E-06 6.43E-06 5.15E-06 4.02E-06 
50 3.68E-06 3.17E-06 2.67E-06 2.19E-06 1.75E-06 1.37E-06 
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Appendix E Selection of the beam theories 
In this research, the prestressed concrete sleeper is assumed as a transverse 
beam in the track structure. The two popular beam theories in mechanics include 
Euler-Bernoulli and Timoshenko beams theories (Wikipedia, 2011 & Wikipedia 
2012). The difference is that, the Euler-Bernoulli beam theory ignores the shear 
effects on the cross section of the beam under bending, and the Timoshenko beam 
considers the shear effects on the cross section of the beam under bending. That 
means the Timoshenko beam can provide more accurate bending moment than Euler-
Bernoulli beam. However, if the ratio between the height and length of a beam is 
tiny, the shear effect does not significantly affect the bending moment so it can be 
ignored. Otherwise, the shear effect is not ignorable. 
To select the type of beam, an expression was employed (Wikipedia, 2012) as 
below.  
fg12 I 11û101 I ûX0=ü ý 1 
Where ν is the Poisson’s ratio; l is the length of the beam; A is the area of cross 
section and G is the shear modulus. If the parameters of any beams comply with the 
expression, the Euler-Bernoulli beam theory is reasonable to be applied. Otherwise 
the Timoshenko beam theory should be applied. 
For concrete sleeper, E, I, ν, G are Young’s modulus of concrete, moment of 
inertia of sleeper cross section at rail seat, Poisson’s ratio of concrete and shear 
modulus of concrete respectively, which can be found in Table 3.13. l and A are the 
sleeper length and the area of cross section at rail seat, which are shown in Table 5.2. 
Substituting those values of four types of sleepers into the left part of the equation, 
the achieved results are all around 1% which is much less than 1. Therefore, the 
Euler-Bernoulli beam theory can be reasonably applied to the sleeper bending 
strength analyses. 
In this study, the Euler-Bernoulli beam is used for estimation purpose only, 




Appendix F Demonstration of Weibull distribution applies to sleeper dynamic 
bending moment 
As illustrated, the wheel-rail impact forces comply with the Weibull 
distribution. Nevertheless, in this research, the distributions of sleeper dynamic 
bending moments need to be found. There is no measured data available from site 
which can be used to derive the distribution of sleeper dynamic bending moment. 
However, the simulations can provide both wheel-rail impact forces and sleeper 
dynamic bending moments. That means the relationships between sleeper dynamic 
bending moments and wheel-rail impact force can be found through the simulations. 
Furthermore, the distribution of sleeper dynamic bending moments can be derived 
through the relationships between sleeper dynamic bending moments and wheel-rail 
impact force. The relationships were obtained through the results from the 
simulations, which are presented in Figure F.1. 
   
                                (a)                                    (b)                                   (c) 
 
Figure F.1 The relationships between sleeper dynamic bending moments and 
wheel-rail impact forces (a) freight track; (b) medium speed passenger track; (c) high 
speed passenger track. 
According to the graphs shown in Figure F.1, the relationships are very closed 
to linear. That means the sleeper dynamic bending moment can be approximately 
obtained by multiplying the wheel-rail impact force by a constant number. The 
distribution location changes from that but the shape does not change. Therefore, the 
distributions of sleeper dynamic bending moments can be reasonably assumed as 
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